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Abstract

We construct a Fisher-Kéhler information geometry on coadjoint orbits of the
unitary group and show how it controls both reversible and irreversible quantum
dynamics. Starting from the Bogoliubov-Kubo-Mori information metric on
density operators and the Kirillov-Kostant-Souriau symplectic form on fixed-
spectrum orbits, we define the Fisher structure B = g‘lw, show that —B? is
negative definite with an explicit spectral decomposition, and obtain a canonical
untwisting to a Kéhler triple (h, w, I). We derive formulas for Fisher-Kéhler
gradients and Hamiltonian vector fields, with particular emphasis on the linear
energy functional E(p) = Tr(Hp) and on the unified generator K = G + J that
realises hypocoercive, metriplectic dynamics of a single information current
seen in two quadratures. We phrase this as a universal principle for Universal
Information Hydrodynamics (UIH): a wide class of reversible and irreversible
evolutions in physics are generated by a single information current on a Fisher-
Kaéhler state space. Within this framework we reinterpret Frieden’s Extreme
Physical Information (EPI): the functionals I and Jr are two quadratures of
the same current. For one-dimensional translation families we prove an exact
EPI-to-UIH Fisher identity equating parametric and spatial Fisher informations,
Iparam = Ix, and verify it numerically for Gaussian, Laplace, and Cauchy laws.
The symmetric part G of K defines Fisher spectral channels whose rate-density
tails control early-time information reception; power-law tails generate universal
growth exponents, including a golden exponent channel from a simple two-
channel renormalisation map. To anchor the construction in experiment we build
Fisher channels from two data sets: strange metal magnetotransport, where we
treat p,,(0) as a circular density to extract angular Fisher information 7y and
its spectral fingerprints, and optically trapped microspheres, where an Ornstein-
Uhlenbeck fit to centre-of-mass trajectories confirms that the analytic Fisher
information 1/02 agrees with both parametric and grid-based estimates. As a
worked EPI-style sector we outline a bounded Fisher entropy functional for a
scalar vacuum field whose free energy admits a Bogomolny-type completion;
in the zero-temperature limit this becomes a pure Fisher BPS functional whose
minimisers are Fisher halos, providing a rigid template for later applications and
a geometric realisation of Fisher-based relaxation.
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1 Universal geometric principle

Universal Information Hydrodynamics is the statement that a wide class of reversible
and irreversible evolutions in physics are generated by a single underlying information
current, seen in two quadratures, on a Fisher-Kédhler state space.

The aim of this section is to collect the geometric ingredients, the dynamical form, and
the variational and spectral consequences into a single unified principle. The concrete
coadjoint orbit geometry will be developed in Section 2 and can be viewed as the main
finite dimensional realisation of the abstract structures introduced here.

1.1 State space and Fisher-Kihler structure

Let M denote a state space of interest.

* In the classical setting, M is a suitable space of probability densities p on a
configuration manifold X.

* In the quantum setting, M is a coadjoint orbit of density matrices of fixed spectrum
acting on a Hilbert space . We will primarily consider the finite dimensional case,
where H = C? and the orbit lives inside the manifold of faithful density operators
D*.

In both cases we assume that M carries the following structures.

(i) A monotone information metric g. Classically this is the Fisher information
metric on densities [5]. Quantum mechanically it is the Bogoliubov-Kubo-Mori
(BKM) metric on faithful density operators [8]. The metric g measures statistical
distinguishability of nearby states and is monotone under coarse graining and
completely positive trace preserving (CPTP) maps.

(i) A symplectic form w on M capturing the reversible, Hamiltonian aspect of the
dynamics. Classically this is the usual symplectic form on phase space or its
pushforward to density space. Quantum mechanically it is the KKS form on
coadjoint orbits of the unitary group.

(iii)) A compatibility condition tying g and w together via the information structure
tensor

B, =g wp, 1 T,M — T,M, (1.1)

defined pointwise for p € M. Here g;l : T;M — T, M is the musical isomor-
phism associated to the metric, and w,, is viewed as a map T,M — T;M via
X = wy(X,-).

We make the following structural assumption.

Definition 1.1 (Fisher structure). A Fisher structure on (M, g, w) is an endomorphism



B of the tangent bundle TM such that
B, = g, w,, (1.2)

and for each p € M the operator —Bg is positive definite on T,M.

The positivity of —B/% means that B, has purely imaginary eigenvalues and no real
kernel. In the finite dimensional quantum orbit case this will be shown explicitly in
Section 2 by diagonalising B,, on root planes. At the abstract level this allows us to

define a positive intertwiner
S, = 1/—Bf,, (1.3)

and from this a twisted complex structure

I, = S;'B,. (1.4)

By construction Ig = —17,m, so I defines an almost complex structure on M. Using
S, we can also define a new Riemannian metric

hy(X,Y) = g,(S,X,Y), XY €T,M. (1.5)

Definition 1.2 (Fisher-Kdhler structure). A Fisher-Kihler structure on M is a triple
(h, w, I) obtained from a Fisher structure B as above such that

(a) (M, h,I) is a Kdhler manifold, that is I is integrable, h(IX,1Y) = h(X,Y), and
the fundamental two form Q(X,Y) = h(X, 1Y) is closed;

(b) w = Q, so the original symplectic form coincides with the Kdhler form derived
from h and I.

In this situation we say that the pair (g, w) admits a canonical Fisher-Kdhler untwisting
and that B encodes the two quadratures of a single underlying information current,
seen through the symmetric metric h and the antisymmetric form w.

At this level of generality we will not attempt to prove integrability of / for all possible
choices of (M, g, w). Instead we will show in Section 2 that for finite dimensional
quantum state orbits the construction above does produce a genuine Kihler structure
(h, w, I), and we will regard this as the main motivating example for the universal
principle.

1.2 Gradient and Hamiltonian flows

Once a Fisher-Kéhler structure (4, w, I) is given, any sufficiently regular functional
®: M — R generates two canonical vector fields:



o the Fisher-Kdhler gradient
Vi®(p) € T,M, hy(Ve®@(p), X) = d®,(X) VX eT,M, (1.6)

which generates dissipative, entropy increasing flow;
e the Hamiltonian vector field

Xo(p) € T,M,  w,(Xo(p),X) = d®,(X) VX eT,M, (1.7)

which generates reversible, symplectic evolution.

In the UIH setting discussed elsewhere, the associated cost-entropy inequality for the
Fisher gradient flow can be interpreted as a mild dissipative speed constraint: at fixed
state and entropy-production scalar the free-energy decay rate is bounded above, in the
Fisher geometry, by a quantity proportional to the minimal quadratic cost of the flux
implementing the tangent.

The gradient flow ray saturates this bound. We will only make informal use of
this connection here, as a way of relating the Fisher-Kihler gradient to familiar
thermodynamic speed-limit heuristics; no additional generality is claimed beyond the
diffusive Fisher class in which the inequality is derived.

Equivalently, at the operator level one can encode these in a unified generator K acting
on functionals F': M — R via

%F(Pt) = {F,®}u(p:) - <VhF(Pt)’ th)(pt)>hp,’ (1.8)

where { -, - }, is the Poisson bracket induced by w. In terms of a linear operator K
acting on (co)vectors one can write, very schematically,

K =G+, G=G'"<0, J=-JT, (1.9)

with the symmetric part G determined by the Fisher-K#hler metric and the antisym-
metric part J determined by the symplectic form. The induced flow on states can be
written as

pr = =Vi®(ps) + Xo(p1), (1.10)

with entropy production governed by the Dirichlet form associated to G and reversible
motion governed by J.

In concrete quantum and classical settings the operator K can be realised as a Fokker-
Planck, Lindblad, or more general Markov generator on the underlying state space,
and the Fisher-Kéhler metric 4 appears as the metric that makes these generators
hypocoercive and metriplectic [16]. We will see in Section 2 how this works explicitly
on finite dimensional quantum orbits.



1.3 Variational and spectral consequences

The unified form (1.8) and the Fisher-Kihler geometry admit two complementary
viewpoints that will be important later.

Variational viewpoint. Given a functional ® on M we can consider the pure gradient
flow

Pr = =V @(py). (1.11)

Stationary points satisfy V,®(p.) = 0 and are critical points of ®. Under suitable
convexity conditions on @ the flow converges to minimisers, and the Fisher-K&hler
structure provides a canonical metric for this optimisation.

In Frieden’s Extreme Physical Information (EPI) framework one introduces two
functionals /[p] and Jr[p], interpreted as data information and source information,
and obtains physical field equations by extremising

Kepilp] = Ilpl - Jrlp] (1.12)

under appropriate constraints, §(I — Jg) = 0. In the UIH setting this EPI principle can
be reinterpreted geometrically as a special choice of potential ®@. To avoid a clash with
the antisymmetric part J of the unified generator K = G + J, we reserve the notation
JF for Frieden’s source information functional throughout.

The Fisher functional / generates a pure gradient flow via —V, 1, and its second variation
at a stationary point p, defines the Dirichlet form associated with the symmetric part
G,

*11p.1(6p.6p) = (6p, G 6p)n,., (1.13)
so that I is precisely the Fisher quadratic form of the dissipative channel. Structural
functionals such as Jr often admit a Hamiltonian representation via X;j,. Choosing

d=171-Jp (1.14)
in (1.10) leads to
pr = =Vul(p:) + VuJr(p:) + Xi—5.(p1), (1.15)

and stationary points of the flow coincide with solutions of the EPI variational problem.
The Fisher-Kihler geometry thus supplies the metric and symplectic structure behind
the EPI functionals.

Spectral viewpoint. The symmetric part G of the generator K defines a nonpositive
selfadjoint operator on an appropriate Hilbert space of fluctuations around equilibrium.



Its spectrum encodes a distribution of relaxation rates, and the Fisher-Kdhler metric
h controls the associated Dirichlet form. If we isolate a particular slow channel, for
example by projecting onto a subspace spanned by some observable or mode family,
the restriction of G defines an effective rate density peg (A1) for that channel.

Given a nonnegative test function f of time we consider quantities of the form

I(t) = /Om(l—e—*f)peﬁ»(ﬁ)dz, (1.16)

which model information reception over time in the slow channel. If the rate density
has a power law tail

Pet(1) ~ cal-9 for large A, (1.17)
then Tauberian arguments imply an early time asymptotic
I(1) o« t° ast]O. (1.18)

In this way the Fisher spectral tail of a slow sector is directly reflected in a growth
exponent for information reception, and particular exponents (such as the golden ratio
case) correspond to specific spectral fingerprints of G. We will return to this spectral
story in more detail in Section 5.

1.4 Preview of the scalar Fisher sector

In later work on UIH gravity the abstract structures above are instantiated in a scalar
Fisher sector modelling a coarse grained “vacuum” degree of freedom. The relevant
state variable is a scalar field o-(x) whose gradient energy is measured by a Fisher
functional and whose local occupation statistics are encoded by a bounded entropy
functional. The associated free energy can be written in a Bogomolny type form

1
Flol = 51IVo = qli, = Tr Sonalo], (1.19)

where ¢ is a baryonic source, w is a Fisher weight, and Sppq is a bounded entropy built
from a sigmoid map of o. In the zero temperature limit 7r — O one recovers a pure
Fisher BPS functional whose minimisers are Fisher halos; for 7r > 0 the bounded
entropy deforms and truncates these halos.

From the present point of view this scalar sector is simply a particularly rigid example
of an EPI style functional on a Fisher-Kéhler state space, with the Fisher part and
the source part geometrically anchored by the structures above. The details of this
construction will be developed later in Section 6.



2 Fisher-Kiihler geometry on quantum state orbits

We now turn to the main finite dimensional realisation of the abstract structures
introduced above: the manifold of quantum states of fixed spectrum, viewed as a
coadjoint orbit of the unitary group, equipped with the Bogoliubov-Kubo-Mori metric
and the KKS symplectic form. On this manifold the Fisher structure B = g~!
diagonalised explicitly, and the Fisher-Kéhler untwisting (g, w, B) +— (h, w, I) can be
carried out in closed form.

w can be

2.1 Quantum state space and coadjoint orbits

Let H be a complex Hilbert space of dimension d and let
D = {peB(H)|p'=p, p>0, Trp =1} (2.1)

denote the manifold of faithful density operators on /. This is an open subset of
the affine hyperplane of Hermitian trace one operators in the space of all bounded
operators on H and carries a natural smooth manifold structure.

Fix a list of eigenvalues

A= (A,...,40), A >0, Z/l,-:l, 2.2)

and assume for simplicity that the spectrum is nondegenerate, so A; # A4, fori # j. Let

pa = diag(/ll, ceey /ld) (2.3)

in some fixed orthonormal basis of /. The unitary group U(H) acts on D> by
conjugation,
U-p = UpUT, U e U(H), (2.4)

and the orbit of p, under this action is
O = {UpUT|U e U(H)} ¢ D*. (2.5)

This orbit consists of all density operators on H with spectrum equal to A, and is a
smooth compact homogeneous manifold of real dimension d> — d.

The tangent space at a point p € O, can be identified with commutators.

Proposition 2.1 . For p € O, the tangent space is

7,04 = {i[Ho,p] | H = Ho}. (2.6)



Proof. The orbit map U +— UpU" has derivative at the identity given by

d

=| e oo e = ilHy,pl @7

for any Hermitian Hy. This spans the tangent space at p. Surjectivity follows from the
general theory of homogeneous spaces [11] or by dimension counting. O

In what follows we will frequently work in the eigenbasis of p. Writing
p = Up U = U diag(a,,...,14) U, (2.8)

we denote by
X = U'xU (2.9)

the matrix of an operator X in this eigenbasis and write Xi_i for its entries. On the orbit
O, the tangent vectors X € 7,0, are represented in the eigenbasis of p by Hermitian
matrices with vanishing diagonal:

Xii =0, X=X (G#)). (2.10)

2.2 The BKM information metric

The Bogoliubov-Kubo-Mori information metric on D> can be defined in several
equivalent ways. For our purposes a convenient expression is

1
gp(X,Y) = / Tr{p'X p'~'Y) dt, X,Y € T,D%, (2.11)
0

which is known to be the unique monotone Riemannian metric on D [7] that yields
the quantum relative entropy as a Bregman divergence in the affine structure of density
operators. Restricted to the orbit O, it is strictly positive definite on 7,,0,.

Working in the eigenbasis of p we can express g, in terms of the entries of Xand?.
One finds

gp(X,Y) = Zcij()?ijﬁj+)zijl7ij), (2.12)
i<j
where the coefficients
logA; —logA;
Cij = C(/l,',/lj) = M (213)
Ai — A

are the logarithmic means of the eigenvalues. In particular ¢;; > O and ¢;; = ¢j;. Itis
natural to organise the summation over root planes, two dimensional real subspaces
of 7,0, associated with each unordered pair (i, j), as we will do below when we



introduce the KKS form and the Fisher structure.

The expression (2.12) makes it clear that g, is block diagonal in the decomposition of
T,,0, into real two dimensional subspaces associated with each unordered pair (i, j).
This root plane decomposition will be used heavily in what follows.

2.3 The KKS symplectic form

The coadjoint orbit O, carries a natural symplectic structure, the Kirillov-Kostant-
Souriau (KKS) form. At a point p € O, it is defined on tangent vectors of the form
X =i[A,p]and Y =i[B, p] by

wo(X,Y) = i Tr(p[A,B]) = i Tr([p, Al B), (2.14)
with A and B Hermitian. This form is well defined on 7,0,, skew symmetric,

nondegenerate, and closed, making (O,, w) into a compact symplectic manifold.

To express w,, in the eigenbasis of p we again write p in diagonal form and denote by
X and Y the matrices of X and Y in this basis. A short computation shows that

wp(X.Y) = 2 3 (4 = ;) 5(%; i), (2.15)
i<j

where J(z) denotes the imaginary part of a complex number z. Thus the KKS form is
also block diagonal in the root plane decomposition of 7,0;.

2.4 Root plane decomposition

The expressions (2.12) and (2.15) show that both g, and w,, decompose into a direct
sum of two dimensional real blocks labelled by unordered pairs (i, j) of distinct indices.
It is convenient to fix a real basis on each such block.

For each pair (i, j) with i < j define real tangent vectors E;; and F;; at p via their
matrices in the eigenbasis of p:

0O --- 010 ---0 O --- 0 { 0 --- 0
E--—O 000 ---0 F--—O 000 0
Yo 000 - 0| RO 0 00 ol
0 000 ---0 0 000 0
(2.16)
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with all entries zero except at the (7, j) and (j,7) positions as shown. In terms of these
basis vectors the restrictions of g, and w), to the root plane spanned by {E;;, F;;} take
the form

10 0 1
8oli; = 2¢ij (0 1), wpl;; = 2(Ai = 4)) (_1 0), (2.17)

where ¢;; is the logarithmic mean defined above. This makes the subsequent analysis
of the Fisher structure B, = g;lwp essentially algebraic.

2.5 Cold Fisher BPS halos and the baryonic Tully—Fisher relation

In the cold Fisher limit Tz — 0 the bounded entropy potential can be neglected and
the scalar free energy reduces to

Fealorws po] = 4 /0 (@) (1) = ke (1) pi (7)) P dr 2.18)

As shown above, this admits a Bogomolny completion with weight

M
w(r) = 8ma(r) r?, q(r) = K—b(r), (2.19)
8ma(r)r?
where My, (r) is the enclosed baryon mass,
,
My (r) = 47r/ pb(s) 8% ds. (2.20)
0
The corresponding Fisher charge functional is
1 re * 2 Mp(r)?
gave v 1 2qr= | L 2.21
0 lonl =5 [ wilgPar = [ ar e
and the cold Fisher free energy satisfies the bound
Feolor: ppl > 05" [pp] — k 0k (r) My (1) - (2.22)

For the class of baryon profiles considered here the boundary term can be controlled
as a finite surface contribution, so QgFr'alV [o»] provides a configuration independent
lower scale for F o)q at fixed pp.

The bound is saturated if and only if the first order Fisher Bogomolny equation holds,

Kk My (r)

o (2.23)

op(r)=-

Any solution of (2.23) that satisfies suitable regularity and decay conditions is therefore

11



a global minimiser of the cold Fisher free energy for the given baryon distribution.
Proposition 2.2 (Cold Fisher BPS halos). Let oF solve the Fisher Bogomolny
equation (2.23) with a constant stiffness a(r) = ag > 0. Then the effective Fisher
halo mass profile Mg (r) defined by

gr(r) =-Apop(r)f = —%5(”) 7 (2.24)
r

is proportional to the enclosed baryon mass,

/1FK

= —. 2.25
871G ag ( )

Mp(r) = yr Mp(r), YF:

Proof. Substituting (2.23) into the Fisher acceleration gr(r) = —Ap o.(r) 7 gives

KM (r) (2.26)

8mragr?

gr(r) = A

Comparing this with the Newtonian form g (r) = =G Mg (r) r=2 7 yields

M
G My (r) = A = ”(r), (2.27)
8
and hence Mg (r) = yr My (r) with yF as stated. O
In the cold, constant stiffness BPS regime the total enclosed mass is therefore
Mo (r) = Mp(r) + Mp(r) = (1 +yr) Mp(r), (2.28)
and the circular velocity at radius r is
G M G(l1+ M
20y = GMunlr) _ G+ ) My(r) (229)

r r

Baryonic Tully-Fisher scaling under structural assumptions. For a given galaxy,
let R be a characteristic outer radius at which the rotation curve is approximately flat
and the enclosed baryon mass has essentially saturated, My, (Ry) = M}, where M}, is
the total baryonic mass. In the cold BPS regime one then has

G(1+vyrp) M,

R; (2.30)

= 2Ry >

so that
v? Ry

My, ~ ——.
TG +vyr)

(2.31)

To connect (2.31) with the baryonic Tully—Fisher relation one needs a relation between

12



Ry and M. A simple structural model for disc galaxies is an exponential baryonic
surface density,
Zp(R) = Zge R/Ra, (2.32)

with scale radius R, and central surface density Xy. The total baryonic mass is then
My =212 R2. (2.33)

If ¥ is approximately constant across a given family of discs, this implies a size-mass
scaling
Rao M. (2.34)

Rotation curves typically flatten at radii of order a few scale lengths, so we write
Ry = &Ry, (2.35)
with £ a structural constant of order unity. It follows that

M,

R: =¢* Ry = ¢ —2-. 2.36
F=ERI=E 5 (2.36)
Combining this with (2.31) gives
G*(1+yrp)* M2 G2(1 207y
vjc= (I+vyF) b _ G (L +yr) 2n 0 0, 2.37)
R} &

Under the assumptions of a cold Fisher BPS halo, approximately exponential baryonic
discs, and an approximately universal central baryonic surface density Xy, the scalar
Fisher gravity therefore reproduces a baryonic Tully—Fisher relation of the form

G (1 +yp)?2n3
= 2 )
In this picture the slope of the baryonic Tully—Fisher relation is fixed by the BPS

structure of the cold Fisher halo, while the normalisation encodes the Fisher couplings
through yFr and the baryonic structural parameters Xy and &.

vjc = Ap M, Af (2.38)

2.6 The Fisher structure on the orbit

On the tangent space 7,0, we define the Fisher structure as in Definition 1.1,

B, = g, w,. (2.39)
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Using the root plane decomposition and the block forms (2.17) we can compute B,
explicitly on each block:

1 (10 0 1 0 1
_ ol - 21 _ B
Boliy = &'l welyy = 2c¢i; (0 1) 24 /l])(—l 0) = b (—1 o)’ (240

where 5
B = A=A (hi—2y) (2.41)
Y Cij IOg/li - IOg/lj '

are the Fisher weights. The matrix

0 1
Jo = 242
0 (_1 O) (2.42)
is the standard complex structure on R?, satisfying Jg = —1. Thus on each root plane
the Fisher structure has the simple form
Bp|l.j = BijJo. (2.43)
It follows immediately that
2 2
_Bp|ij = B;1, (2.44)

SO —Bﬁ is positive definite on each root plane and hence on all of 7,,0,.

Proposition 2.3. On the coadjoint orbit O, equipped with the BKM metric g and
the KKS form w, the information structure tensor B, = gp_1 w, defines a Fisher
structure in the sense of Definition 1.1. In particular, —BIZJ is positive definite on
T,0, for every p € O,.

Proof. The block form (2.40) shows that on each root plane _Bl27|ij = B;;1 with
,81.2 >0 for A; # A;. Since tangent vectors on O, have vanishing diagonal components

in the eigenbasis, 7,0, is the direct sum of these two dimensional blocks and —Bﬁ is
positive definite on each block. This proves the claim. O

2.7 Fisher untwisting and the Kihler triple

Given the Fisher structure B, and the positivity of —Bg we can define the positive

intertwiner
Sy = 4 /—B,% (2.45)

uniquely as a positive definite operator on 7,0,. On each root plane we have

S| —B%}ij = |8 1. (2.46)

ij

14



In terms of S, we define the untwisted complex structure

I, = S,'B, (2.47)
and the Fisher-Kéhler metric
ho(X,Y) = g,(SpX,Y). (2.48)
On each root plane this gives
L|,; = sen(Bij) Jo, (2.49)
and
Ai—4; 1 0
hp|l.j = 2¢;j1Bij|11 = 2¢i; 1 = 2|4 - 4] . (2.50)
Cij 01

Remarkably, the logarithmic mean c;; cancels out, leaving a Fisher-Kéhler metric
determined solely by the linear spectral gaps. In particular 1[2, = —1 and h,, is positive
definite.

Theorem 2.4 (Fisher-Kihler structure on the orbit). For the coadjoint orbit O, of
faithful density operators of fixed nondegenerate spectrum, equipped with the BKM
metric g and the KKS symplectic form w, the triple (h, w, I) defined from the Fisher
structure B = g‘1
the Kdhler form associated to (h, I) coincides with the original symplectic form w.

w is a Kdhler structure in the sense of Definition 1.2. Moreover,

Proof. The fact that Ig = —1 and that h,, is positive definite follows from the block
analysis above. Compatibility of 4 and /, in the sense that h, (1, X, 1,Y) = h,(X,Y),
holds blockwise because 1, acts as Jo or —Jy and Jj is orthogonal with respect to the
Euclidean metric.

To identify the Kéhler form we compute blockwise on each root plane. Using
hplij = 2|/li - /ljl 1 and Iplij = sgn(ﬁij) Jo we find, for X,Y € TpO,l,

Q(X,Y) = hy(X, 1Y) = gp(SpX,1,Y) = 2(4; — ;) 3(X;;Vij) = wp(X.Y),

(2.51)
where the last equality follows from (2.15). Thus Q = w and in particular € is closed
because w is.

Integrability of I can be established using standard results on homogeneous Kihler
manifolds: coadjoint orbits of compact semisimple Lie groups admit a unique invariant
complex structure compatible with the KKS symplectic form, and the Fisher untwisting
construction recovers this complex structure. We refer to the literature on coadjoint
orbits and geometric quantisation for details [12]. This proves that (O, h, w, I) is
Kihler. U
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The theorem shows that the pair (g, w) on the quantum state orbit admits a canonical
Fisher-Kéhler untwisting to (&, w, I), with B encoding the two quadratures of the
information current. The metric & will serve as the natural information metric for
gradient flows, while w and I continue to encode the Hamiltonian structure.

Remark (Relation to quantum geometric tensor and Berry curvature). On any
Kihler manifold (M, h, w, I) there is a natural Hermitian tensor

Q(X,Y) == h(X,Y) —iw(X,Y), X,YeT,M,

whose real and imaginary parts recover the Riemannian metric and the symplectic form.
In the quantum setting this construction is closely related to the quantum geometric
tensor: on pure state orbits the corresponding Hermitian form reduces to the familiar
Provost and Vallée tensor, whose real part gives the Fubini—Study metric and whose
imaginary part encodes the Berry curvature two form on projective Hilbert space. The
Fisher-Kéhler triple (A, w, I) on a coadjoint orbit can therefore be viewed as a mixed
state generalisation of this structure, obtained by replacing the Fubini—Study metric by
the BKM Fisher metric while retaining the Kirillov Kostant Souriau symplectic form
on the orbit.

We will not use this identification in what follows, but it provides a simple dictionary
between the Fisher-Kéhler geometry developed here and the standard language of
quantum geometric tensors and geometric phases.

2.8 Fisher-Kahler gradients and Hamiltonian fields

Let ®: O, — R be a smooth functional. The Fisher-Kahler gradient V,®(p) is
defined by
hp(Ve®@(p), X) = d®,(X) VX eT,0,, (2.52)

and the Hamiltonian vector field X¢(p) by
wo(Xo(p),X) = d®,(X) VX €T,0. (2.53)

Using the Fisher structure B, and the intertwiner S, we can express these vector fields
more directly in terms of g,.

First, note that
wy(X,Y) = g,(B,X,Y) = go(S,1,X,Y) = h,(I,X,Y), (2.54)

so that
wo(Xo(p), X) = hy(IpXe(p), X) = d®,(X). (2.55)
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By nondegeneracy of h,, this implies

L Xo(p) = Vi®@(p), Xo(p) = —1,Vp®@(p). (2.56)

Thus on a Fisher-Kéhler manifold the Hamiltonian vector field associated with @ is
obtained from the Fisher-Kihler gradient by rotation with the complex structure.

On the orbit, and in particular for functionals of the form
E(p) = Tr(Hp), (2.57)

one can write V,E(p) and Xg(p) in terms of commutators with p and a suitable
effective Hamiltonian that depends on both H and the spectrum of p. We will return
to these explicit formulas in Section 2.10, after discussing the classical limit.

2.9 Classical limit and the probability simplex

Before turning to dynamics it is useful to recall how the quantum construction above
reduces to the classical Fisher geometry on the probability simplex.

Let "
A= {p=(pr o pa) € (O, D)"] Y pi= 1} (2.58)
i=1

denote the open probability simplex. A tangent vector at p is a vector v € R" with
zero sum, y.; v; = 0. The Fisher information metric on A"~ ! is

gp(vw) = » L (2.59)

which is the classical analogue of the BKM metric. There is no intrinsic symplectic
form on A"~!, but when the simplex is embedded into a Hamiltonian phase space the
restriction of the ambient symplectic structure induces a two form on the image, which
can be pushed forward to A"~

In the commutative case the coadjoint orbit construction collapses: density matrices
are diagonal in a fixed basis, commutators vanish, and the KKS form is trivial. The
Fisher structure B = g~!w therefore vanishes and the Fisher-Kiihler untwisting is not
needed; the natural metric on A"~ ! is simply the classical Fisher metric g, with no
intrinsic complex structure or symplectic form.

This degeneration illustrates a general pattern. The noncommutative degrees of
freedom in the quantum case are responsible for the nontrivial KKS form, the Fisher
structure, and the complex structure /. When these are absent the geometry simplifies
to the classical Fisher metric, and the Fisher-Kihler picture reduces to ordinary
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information geometry. In the remainder of the paper we will keep both regimes in
mind, with the coadjoint orbit geometry providing the canonical finite dimensional
Fisher-Kéhler benchmark.

2.10 Explicit gradients for linear observables

We now specialise the general Fisher-Kéhler gradient and Hamiltonian vector field to
the linear energy functional
E(p) = Tr(Hp), (2.60)

with H a fixed Hermitian operator on /. This case is particularly important, as it
underlies both reversible Schrodinger evolution and irreversible relaxation driven by
an energy functional.

Let p € O, with eigenbasis U and eigenvalues 1;. We denote H = UTHU and write
H; ; for its matrix elements. Tangent vectors are represented in this basis by Hermitian
matrices with zero diagonal, as before.

A standard calculation shows that the differential of E at p applied to a tangent vector
X € TpO pl is
dE,(X) = Tr(HX) = 2 ) R(Hi; Xyj), (2.61)
i<j
where R (z) denotes the real part. Comparing this with the simplified block form of
the Fisher-Kidhler metric,

hy|

10
;= 2|/li—/lj|( ) (2.62)

0 1

we see that on each root plane the gradient V;, E (p) has components proportional to
the off diagonal entries of H,

1 ~

(VhE(p))ij = mmj, i %] (2.63)
i J

This confirms that the dissipative flow is governed strictly by the energy differences of
the eigenstates. In terms of commutators this can be written more invariantly as

VaE(p) = T,(H), (2.64)

where I, is a positive definite linear map on Hermitian matrices with zero diagonal,
whose explicit form is determined by the weights ¢;; and g;;. The corresponding
Hamiltonian vector field is

Xe(p) = ~I,VhE(p) = ~I,T,(H). (265)
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and generates a unitary orbit flow on O, that reduces to the usual von Neumann
equation when the full noncommutative structure is taken into account.

In more operational terms, if one introduces a suitable identification between tangent
vectors and traceless Hermitian operators, the Fisher-Kihler gradient flow of E
corresponds to a dissipative evolution that relaxes p towards a Gibbs state compatible
with H, while the Hamiltonian flow generated by E corresponds to coherent unitary
evolution. The Fisher-Kihler metric 4 and the symplectic form w ensure that these
two aspects are orthogonal quadratures of a single information current on the orbit.

3 Classical Fisher geometry and density manifolds

The finite dimensional orbit construction can be extended, at least formally, to infinite
dimensional state spaces of probability densities and density operators. Before turning
to the universal generator and the spectral aspects it is helpful to summarise the
classical picture, which connects directly to Fokker-Planck and gradient flow structures
in statistical mechanics.

3.1 Probability densities on a configuration space

Let (X, 8, u) be a measure space that plays the role of configuration space. We
consider the manifold

P = {p: X - (0,0)]|p smooth, /pdu=1} (3.1
X

of smooth strictly positive probability densities with respect to the reference measure
u. Tangent vectors at p are functions o with zero mean,

T,P = {0':X—>R|/0'd,u=0}. (3.2)
X

The classical Fisher metric on # is defined by

o1 (x) 02(x)

g = [P g0 mmenr 6
X p(x)

which is the infinite dimensional analogue of the Fisher metric on the finite simplex.

This metric is monotone under Markov operators that preserve u and arises naturally

in information geometry [6], optimal transport, and large deviation theory.

To introduce a symplectic structure one considers a phase space 7" X with its canonical
symplectic form and a Liouville measure, and lets p be a marginal or coarse grained
density over X. The full Hamiltonian dynamics in phase space then induces an effective
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antisymmetric structure on £, whose precise form depends on the coarse graining.
2

In the simplest case of a Liouville flow with Hamiltonian H (x, p) = é’—m + V(x) one

recovers the classical continuity equation for p.

Formally, one can again define an information structure tensor
-1
Bp = g,D (Up, (34)

where w,, is the induced two form, and construct an associated Fisher-Kihler triple
(h, w, I) under suitable regularity assumptions. In practice, establishing these struc-
tures rigorously in infinite dimensions requires careful functional analytic control and
is beyond the scope of this paper. We will instead treat the classical Fisher metric as a
formal guiding structure and focus on finite dimensional approximations and coarse
grained sectors where the geometry is effectively finite dimensional.

3.2 Gradient flows and Fokker-Planck dynamics

A particularly important class of dynamics on # are Fokker-Planck equations of the
form

where @ is a confining potential and D is a diffusion coefficient. Under appropriate
boundary conditions this evolution preserves normalisation and positivity of p, and
drives the density towards a stationary state, often a Gibbs measure of the form
0, o e~ @D

It is well known that many such Fokker-Planck equations can be written as gradient
flows [13, 14] of a free energy functional

Flel = /XPIng + p®dy, (3.6)

with respect to a Wasserstein or Fisher type metric on #. In this viewpoint the diffusion
term arises from the entropy gradient and the drift term from the potential. There is
also a complementary formulation in terms of a symmetric Markov generator and its
Dirichlet form, which plays the role of G in the unified generator schematic (1.9).

The Fisher metric g provides a natural local approximation to the Wasserstein geometry
for small fluctuations around equilibrium and appears explicitly in the second variation
of relative entropy. In the UIH framework one can therefore regard classical Fokker-
Planck dynamics as a particular realisation of gradient flow in a Fisher type metric, with
an underlying information current whose spectral properties determine hypocoercive
decay rates.
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Optimal transport and natural gradient viewpoint. The gradient flow formulation
above admits a complementary optimal transport interpretation. For scalar mobility
and a relative entropy free energy F[p] one recovers the Jordan—Kinderlehrer—Otto
(JKO) picture, in which Fokker—Planck evolutions arise as the time—continuous limit of
a minimising—movement scheme in the W, Wasserstein distance with entropy penalty.

At the infinitesimal level this can be viewed as a natural gradient descent of F[p] with
respect to the Wasserstein—-Otto metric on P. The weighted H; '(G) geometry and
cost functional developed in the companion metriplectic study provide a Fisher-type
realisation of this structure for coarse—grained density manifolds, with the same free
energy playing the role of Lyapunov functional.

In this sense the dissipative UIH flows are compatible with both the JKO variational
characterisation and the natural gradient viewpoint of information geometry, although
we will only use this as a consistency check rather than a separate axiom.

In the next section we return to the finite dimensional quantum picture and formulate
the unified generator in a setting where both the Fisher-Kihler geometry and the
spectral analysis can be made fully explicit.

4 Unified generator and metriplectic structure

We now recast the Fisher-Kéhler geometry on quantum state orbits in the operator
language of generators acting on observables and states. This makes the connection to
Universal Information Hydrodynamics and the unified operator framework explicit
and prepares the ground for the spectral analysis and the link to Frieden.

4.1 Generator acting on observables

Let A denote a suitable space of observables on O,, for example smooth real valued
functionals F: O, — R or polynomial functions of expectation values. The Fisher-
Kéhler metric and the symplectic form define a symmetric bracket and a Poisson
bracket on A by

ho(ViF (), ViG(p)), (4.1)
U)p(XF(P)’XG (P))’ (42)

(F,G)n(p) :
{F.G}u(p) :

where V, F and X are the Fisher-Kéhler gradient and the Hamiltonian vector field
associated with F and similarly for G. The symmetric bracket is nonnegative and
vanishes if and only if one of the gradients is zero; the Poisson bracket is antisymmetric
and satisfies the Jacobi identity.

Given a distinguished functional @ that plays the role of a free energy, we define an
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evolution of observables by

SFp) = (F. k(o) ~ (F,@)(p0). 43)

This can be written schematically as

d
oF = (T+OF. (44)
where the antisymmetric part
(TF)(p) = {F,®}u(p) (4.5)
and the symmetric part
(GF)(p) = —(F,®)n(p) (4.6)

can be regarded as the dual action of operators J and G on tangent or cotangent spaces.
In this language the unified generator K = G + J acts on fluctuations and encodes both
reversible and irreversible evolution in a single object.

4.2 Generator acting on states

Equivalently, one can focus on the evolution of states p; on the orbit. Given @, the
Fisher-Kéhler gradient and Hamiltonian vector fields generate the flow

pPr = =Va®@(pr) + Xo(pr)s 4.7
as in (1.10).
Complexified gradient viewpoint. On a Fisher-Kéhler manifold it is sometimes
convenient to collect the gradient and Hamiltonian contributions generated by the
same functional @ into a single complexified vector field. Writing 7,M ® C for

the complexified tangent space and using the almost complex structure I, from
Definition 1.2, we define

Zo(p) :=Vp®@(p) =i [,V ®@(p).

By construction the real and imaginary parts of Zg recover the Fisher-Kéhler gradient
and Hamiltonian vector fields,

Re Zo(p) = Vi®@(p), Im Zo(p) = - 1, Va®@(p) = Xo(p),
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so that the evolution above can be rewritten schematically as

pr = — ReZo(pr) +Im Zo (o).

In this sense the metriplectic dynamics define a single complex gradient system on the
Fisher-Kéhler manifold, with the dissipative and Hamiltonian channels appearing as
two orthogonal quadratures of the same complex flow.

We will use this complexified notation only as a compact bookkeeping device when
discussing K flows and response functions; all structural results in this paper rely
solely on the real Fisher-Kihler geometry encoded by (4, w, I).

The symmetric part of the generator G is related to the negative of the Hessian of @ in
the Fisher-Kihler metric, while the antisymmetric part J is related to the Hamiltonian
vector field X¢ via the complex structure /.

Expectation values of observables evolve according to

%F(Pt) = hpt(th(pt)’pt) = {F,®},(p1) — (F,®)n(ps), (4.3)

which reproduces (4.3).

In the quantum case, and for functionals F(p) = Tr(Ap) and ®(p) = Tr(Hp) — S(p)
with S an entropy, one recovers familiar operator evolutions such as the von Neumann
equation and Lindblad type dissipative terms. The Fisher-Kihler metric determines
the gradient part and thus the structure of entropy production, while the KKS form
determines the Hamiltonian part.

4.3 Relation to hypocoercivity and RG fingerprints

The symmetric part G of the generator K defines a nonpositive selfadjoint operator on an
appropriate Hilbert space of fluctuations, for example the tangent space at equilibrium
equipped with the Fisher-Kéahler metric. Its spectrum consists of relaxation rates 4 > 0,
with zero corresponding to conserved quantities.

Hypocoercivity [15] refers to the situation where the symmetric part G alone has a
large kernel, but the full generator K = G + J still yields exponential convergence
to equilibrium thanks to the interplay between G and the antisymmetric part J. The
Fisher-Kéahler geometry provides a natural setting for hypocoercive estimates: the
metric / and the complex structure / determine how the dissipative and Hamiltonian
channels couple, and the operator B = g~'w encodes their relative alignment.

As a minimal toy model one can already see a golden structure at the level of a
two-channel renormalisation step. Let (G, J,) " denote the effective geometric and
Fisher (dissipative) contributions at a coarse-graining scale n. A simple local update
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rule that allows each channel to feed the other is

G 1 1} (G
n+l — n ) (49)
Jn+1 1 0)\J,
This Fibonacci matrix has eigenvalues
1+vV5 1
Ay = V5 = ¢, ——, (4.10)

2 ®

so that under repeated coarse-graining the ratio G,,/J,, flows to the golden value ¢
for generic initial conditions. In this way an elementary two-channel RG map already
exhibits a golden fixed ratio between the reversible and dissipative quadratures of
the unified current. More elaborate RG schemes on larger mode spaces inherit the
same logic, with the golden ratio appearing as an eigenvalue or eigenvalue ratio of the
coarse-grained generator in suitable sectors.

It is useful to place this toy map in a slightly broader discrete setting. Consider 2 X 2
matrices A with nonnegative integer entries, determinant det A = +1, and at least one
off-diagonal entry, interpreted as local coarse-graining rules on the pair (G, J). In this
restricted class the two Fibonacci patterns

1 1 0 1
, k=
1 0 1 1

are the only examples whose Perron-Frobenius eigenvalue lies strictly between 1 and
2; all other nontrivial choices either fail to be hyperbolic or have a larger leading
eigenvalue. In this sense the golden ratio appears as the least strongly relevant scaling
factor compatible with a discrete, unimodular and mixing two-channel update. We
do not claim that physical coarse-grainings must realise one of these matrices, but
they provide a convenient benchmark: whenever an effective two-channel RG step
approximately mixes G and J in a Fibonacci fashion one expects the relative weight
G, /J, to be driven towards ¢ and a golden scaling exponent to emerge in that sector.

F =

5 Fisher spectral channels and Frieden’s EPI

We now sharpen the spectral viewpoint outlined in Section 1.3 and make the connection
to Frieden’s Extreme Physical Information (EPI) framework explicit. The central
idea is to interpret the Fisher part of the generator as defining a spectral channel for
information transfer, with the reversible part acting as a pump that feeds energy into
this channel.
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5.1 Fisher spectral measures and information reception

Let G denote the symmetric part of the generator K acting on an appropriate Hilbert
space Hpye of fluctuations. For concreteness one can take Hgy,e to be the tangent
space at an equilibrium state equipped with the Fisher-Kéhler metric 4, or the space of
square integrable functions with respect to an invariant measure.

Assume that G is selfadjoint and nonpositive:

G < 0. (5.1)

Remark (Density sector universality of the Fisher channel). In the finite dimensional
Markov setting of Section 3 the symmetric generator G reduces, on densities, to
the Fisher Dirichlet operator

Guue = Qdiag(nm),

where Q is the reversible Markov generator and 7 its stationary distribution. The
associated Dirichlet form

E(op,0p) = —(0p,0Q6p)x

is the classical Fisher-Dirichlet energy that appears in the UIH diffusion and RG
examples.

In the unified GKLS picture this same quadratic form is obtained by restricting the
BKM symmetric part of the GKLS generator to diagonal density perturbations at
the stationary state.

The Frieden EPI “channel” defined by G is therefore not an independent object: on
the density sector it coincides exactly with the universal Fisher operator that governs
irreversible UIH hydrodynamics. Different microscopic realisations (classical
Langevin, Fokker-Planck, or GKLS with coherences) share a common Fisher

geometry on densities, and only the reversible quadrature changes between them.

By the spectral theorem there exists a projection valued measure E(2) on [0, co) such
that

-G = / AdE(Q). 5.2)
0
Given an initial fluctuation ug € Hgyc the dissipative evolution is u, = e’ G up, with
_ o
uy = / e ""dE(Duy. (5.3)
0
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To probe a particular slow sector we choose a bounded observable A on Hyy, for
example a projection onto a low dimensional mode subspace, and define an effective
scalar relaxation signal

R(t) = <Aut,ut>h. (54)
This can be written as -
R(1) = / e 2 dy(), (5.5)
0
where the measure
v(B) = (AE(B)ug,uo), (5.6)

encodes how strongly the initial fluctuation couples to different relaxation rates in the
slow sector.

A natural notion of information reception in this channel is

1(7) = /Ooo(l—e—w)dv(/l), (5.7)

which vanishes at ¢+ = 0 and saturates at I(o0) = v([0, 00)) for large ¢. For small
times one can expand the exponential and express /() as a power series in ¢t whose
coeflicients are moments of the rate measure v.

To extract universal information about the early time growth one is particularly
interested in the behaviour of v at large A. If v has a density p.g (1) with respect to
Lebesgue measure and

pei(d) ~ CA7'7°  asdl— o0 (5.8)
for some C > 0 and 6 > 0, then standard Tauberian theorems imply
1(1) o« t®  ast|O. (5.9)

Thus the power law tail of the Fisher spectral density in a slow sector is directly
imprinted in the early time growth exponent of information reception.

5.2 J to I pumping and Frieden’s functionals

In Frieden’s EPI framework one introduces two functionals I[p] and Jg [ p], interpreted
as data information and source information. The EPI principle states that physical
field equations arise from extremising

Kepilp] = I[p]l = Jrlp] (5.10)

under appropriate constraints. In many examples / is a Fisher information functional
and Jr encodes constraints or prior structure, such as a potential or a coupling. To
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avoid confusion with the antisymmetric part J of the unified generator K = G + J, we
consistently write Jg for Frieden’s source information functional.

In the Fisher-Kihler setting we can reinterpret / and Jr geometrically.

* The functional / is associated with the dissipative channel: its second variation at
equilibrium defines the Dirichlet form associated with G and thus the Fisher spectral
measure v in the relevant slow sector.

¢ The functional Jr is associated with the reversible and structural channel: it
often has a Hamiltonian representation via X, and its variation contributes to the
antisymmetric part J of the unified generator K.

From this viewpoint J to I mode emergence can be described as follows. Suppose that
the reversible part of the generator is rapidly pumping fluctuations into a particular
mode family, for example by parametric driving or coupling to an external source,
while the dissipative part G governs the actual relaxation and information reception in
that channel. The rate at which the pumped fluctuations are converted into received
information is then controlled by the Fisher spectral density p.g and obeys the early
time power law (5.9). In this sense the spectral tail is a fingerprint of how efficiently
source information J is transferred into data information / in a given sector.

Certain exponents acquire a distinguished status. For example, if

1+V5
6 = ¢ = 2‘/_, (5.11)

then the early time behaviour is
I(t) o« t%, (5.12)

and the corresponding Fisher spectral tail has a golden power law. In the UIH picture
this identifies a golden information channel with a specific Fisher spectral fingerprint,
rather than an isolated numerical coincidence.

The Fisher-Kéhler geometry fixes the metric and symplectic structures that enter
the definitions of G and J, while the choice of functionals I and J in an EPI style
variational principle determines which physical sector one is describing. In Section 6
we will see how this plays out in a scalar sector whose free energy functional admits
a Bogomolny type completion and a bounded entropy, and which later underlies the
Fisher halo construction in UIH gravity.

6 Bounded Fisher entropy and a scalar information sector

We now give a worked example of an information functional on a Fisher type state
space that exhibits both a Bogomolny structure and a bounded entropy. This scalar
sector will later underlie the Fisher halo construction in UIH gravity, but here we focus
purely on its information geometric and variational properties and on how it realises
an EPI style functional anchored in the Fisher spectral channel.
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6.1 Scalar field, Fisher energy, and source

Let X be a configuration space with reference measure y and let o: X — R be a
smooth scalar field. We think of o as a coarse grained logarithmic field parametrising
a family of local vacua or occupation ratios. The state space is the affine space of such
fields modulo an appropriate normalisation constraint, and tangent vectors are scalar
perturbations oo .

We introduce a Fisher type quadratic form on gradients of o,

I[o] = %/Xw(x) |V0'(x)|2d,u(x), 6.1

where w(x) > 0 is a given weight that encodes the local stiffness of the scalar sector.
This functional plays the role of a Fisher information in the sense that it measures the
sensitivity of a family of local densities to changes in a parameter represented by o.

The scalar sector is coupled to an external source g(x), which in applications is
generated by baryonic matter or other degrees of freedom. For the moment we take g
as given and define a linear source functional

Jelo] = /X () Vo (x) - g (0) dpa(x). 62)

In this form Jr couples the gradient of o to a vector field ¢, but one can equivalently
integrate by parts and write a coupling to a divergence of g or to a scalar source density,
depending on boundary conditions. The precise choice is not essential for the present
discussion.

The pure Fisher sector free energy is then
FQ[O'] = I[O‘]—JF[O']. (63)

Formally this is an EPI style functional with / the Fisher part and J the source part.
We now show that under suitable conditions on w and ¢ this functional admits a
Bogomolny type completion.

6.2 Bogomolny completion and Fisher halos

Consider the quadratic form

Folo] = —/w|V0’|2du - /WVO'-qdu, (6.4)
X X
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where we have dropped the explicit dependence on x in the integrand for readability.
We complete the square by writing

1 1
w1V =29 g +1al) - Jwla?

1 1
wlVo—gl* = 2 2 )
2W| o -4 2W|Q| (6.5)

1
§w|V0'|2 - wVo -q

Integrating this identity over X we obtain

1

1
Folo] = E/waa—qﬁdu - E/wadu. 6.6)

The second term depends only on the source ¢ and the weight w, not on o-. We denote
it by

2

In applications this quantity will be called the pure Fisher charge of the source sector.
The free energy can then be written compactly as

1
0rlql = » /X wlql du. 6.7)

1
Folo] = EIIVU—QHfV - Orlyl, (6.8)

where we have introduced the weighted norm
vl = /w|v|2dy. (6.9)
X

From (6.8) it is immediate that

Folo]

vV

-0Orlql, (6.10)

with equality if and only if

Vo(x) = g(x) for almost every x € X. (6.11)

Configurations satisfying (6.11) are Bogomolny saturated for the Fisher sector and
realise the maximal possible extraction of pure Fisher charge from the source. These
configurations are the Fisher analogues of BPS states, and in the UIH gravity context
they correspond to Fisher halos that exactly follow the source in gradient space.

When ¢ is generated from a scalar potential or a baryon density, the BPS equation
(6.11) becomes a first order partial differential equation for oo whose solutions are
determined by the source and the weight.

For example, in a radial setting with X = R? and spherically symmetric w(r) and g(r)
one obtains halo profiles o (r) that depend only on radial integrals of the source. The
key point for our purposes is that the BPS completion is exact and the pure Fisher
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charge Qr[q] is a fixed functional of the source sector, independent of the scalar field
configuration.

In particular, for any fixed source ¢ the functional Qr[g] may be viewed as a
configuration independent lower scale for the pure Fisher sector: every admissible
scalar field o obeys Fy[o] > —QF[q], with equality only on BPS configurations. In
the applications below we will only use this modest interpretation, namely that once
the source sector is fixed the Bogomolny completion supplies a universal lower bound
for the pure Fisher contribution to the free energy, independent of the detailed choice
of o.

Remark (Global stability from curvature and Fisher charge). The Bogomolny
completion shows that the Fisher sector is bounded from below by the pure Fisher
charge,

Folo]l =2 -0Qrlql,

with equality exactly on solutions of the first-order BPS equation Vo = g. When the
scalar dynamics is realised as a metric gradient flow for Fj on a Fisher-Wasserstein
manifold with a uniform curvature lower bound ki, > k. > 0, the Bakry-Emery
theory then gives exponential convergence of the flow towards the BPS minimiser,
with relaxation rate controlled by «..

In this regime the Fisher halo is not a metastable configuration: the combination of the
global Bogomolny lower bound and positive information curvature forces the evolution
to relax towards a unique halo profile that saturates the Fisher charge compatible with
the source sector. Small perturbations of a BPS Fisher halo therefore decay in the
natural H~! geometry and cannot unwind the halo below the topological Fisher charge
set by g and w.

6.3 Bounded Fisher entropy from logistic occupation

The Bogomolny completion (6.8) shows that the pure Fisher sector free energy Fo[o]
is bounded below by —Q r[¢] and has minimisers given by the first order BPS equation
(6.11). However, there are two reasons to introduce an additional entropy functional in
the scalar sector.

First, in many applications the scalar field o~ has the interpretation of a local logarithmic
occupation ratio, so that probabilities or occupation fractions constructed from o
should remain in a bounded interval. Second, a bounded entropy favours configurations
that avoid extremes of occupation and can define a smooth truncation of tails that
would otherwise extend indefinitely.

To formalise this we map o (x) to a local probability p(x) € (0, 1) via a sigmoidal
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function. A convenient choice is the logistic map

1

m, ﬂ > 0, (612)

p(x) =

which is monotone increasing in o and tends to 0 and 1 as 0 — —oco and o0 — +o00
respectively. We then define the local binary entropy density

s(p(x)) = —p(x) logp(x) — (1-p(x) log(l - p(x)), (6.13)
which satisfies
0<s(p) <log2, s(p) strictly concave on (0, 1). (6.14)

This bounded entropy density is maximal at p = % and vanishesas p — Qor p — 1.

Given a nonnegative weight u(x) that may in general differ from w(x), we define the
bounded Fisher entropy of the scalar field by

&Mﬂ:zljun@a»wux 6.15)

with p(x) as in (6.12). This functional satisfies

0 < Spnal[o] < (10g2)/Xu(x) du(x), (6.16)

so it is globally bounded above and below. The upper bound is attained when p(x) is
identically one half on the support of u, and the lower bound is attained when p(x)
approaches 0 or 1 almost everywhere.

The bounded entropy functional (6.15) encodes the idea that the scalar sector cannot
sustain arbitrary extremes of occupation everywhere: maximal entropy favours
intermediate values of o, while extremely large positive or negative values of o
suppress s(p) and thus reduce entropy. This tension between the Fisher gradient
energy and the bounded entropy leads to a nontrivial deformation of the BPS halo
solutions of the pure Fisher sector.

Basic entropy bound and interpretation. The pointwise inequality 0 < s(p) <
log 2 implies that

OS%dﬂSG%DAMﬂWM

for all scalar configurations o. In particular, on any region where u is integrable
the bounded entropy functional is finite and uniformly controlled by the total weight
f u du. One may view this as encoding, in a simple way, that the scalar channel carries
at most one bit of Shannon entropy per effective degree of freedom in the Bernoulli
picture.
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6.4 Scalar free energy and EPI structure

Combining the pure Fisher functional Fy[o ] and the bounded entropy Spna[o] we
arrive at a scalar sector free energy of the form

1
Frlo] = 5||Vcr—q||%v ~ Qrlq]l = Tr Spnalcl, (6.17)

where Tr > 0 is an effective Fisher temperature controlling the relative weight of the
entropy term. For Tr = 0 this reduces to the BPS functional (6.8); for Tr > 0 the
bounded entropy penalises extreme occupation patterns.

This free energy can be viewed as an EPI style functional on a Fisher type scalar state
space by identifying

1
I [o] = —/W|V0'|2d,u, (6.18)
2 Jx
Irsclol = [wVo qdu + T Slol (6.19)
X

so that Fr = Iy — Jr s up to the constant —Qr[g]. The Fisher functional I
determines the quadratic form associated with the symmetric part G of a scalar sector
generator, and hence controls the Fisher spectral channel. The source functional JF s
incorporates both the linear coupling to the external field ¢ and the bounded entropy
that reflects internal constraints of the scalar sector.

Lower bound for the scalar free energy. From the square completion above we
already know that

1
SIve =gl > o,

with equality when the BPS condition Vo = ¢ holds almost everywhere. Combining
this with the global entropy bound

0 < Spualo] < (10g2)‘/xu(x) du(x)

shows that for any fixed source g and weight u the scalar free energy satisfies

Frlo] > -0rlal - Tr(log?) /X u(x) du ().

Thus, on any domain where « is integrable the scalar sector admits a simple global
lower bound determined only by the source functional Qr[¢] and the total scalar
weight. The bounded entropy term cannot drive the free energy to arbitrarily negative
values.
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In the source free, homogeneous limit this inequality can be read as a bound on an
effective scalar vacuum energy density. If ¢ = 0 and o-(x) = 0 on a finite region
V c X with /V u(x) du(x) = Uy, the gradient term vanishes and the free energy
reduces to the bounded entropy contribution,

—Tr(log2) Uy < Frlop] <0,

with the lower endpoint realised when the Bernoulli occupation is locally maximally
mixed and the upper endpoint when it is saturated. After normalising by Uy this yields
a finite interval of width TF log 2 for the corresponding scalar free energy density.
In this sense the Bernoulli bounded entropy and its BKM mobility provide a simple
geometric saturation mechanism for the scalar contribution to the coarse grained
vacuum energy in this channel, without introducing any additional ultraviolet cutoff.

Extremising Fr with respect to o yields the Euler Lagrange equation

5Stm
~V.-WVo) + V- (wq) — Tr 5(de =0, (6.20)

where the functional derivative of the bounded entropy is

6Shn , d

220nd (1) = u(x) 8’ (p(x)) <= (x). 6.21)
oo do

Using the explicit forms of s(p) and p(o-) one finds

p
1-p’

, d
s'(p) = ~log & = Bp(1-p). (6.22)
o
so that
6Sbnd p(-x)
oo 1-px)

The right hand side is a bounded, nonlinear function of ¢~ that vanishes when p = 0,

p = %, or p = 1, and is odd under o — —0o.

(x) = =Bu(x) p(x)(1 - p(x))log (6.23)

For later estimates it is useful to note that the prefactor

f(p):=p(l-p)log

is uniformly bounded on (0, 1), with a finite supremum attained at intermediate values
of p. In particular, there exists a constant C; > 0 depending only on S such that

(x)

]‘”b“d = Bu) |f(p()] < Crulx)

oo

for all 0. The entropy contribution to the Euler—Lagrange equation is therefore a
smooth, globally bounded nonlinearity in o, scaled by the local weight u(x).
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In the zero temperature limit 7 — 0O the entropy term drops out and the Euler
Lagrange equation reduces to the BPS condition

V- (w(Vo —q)) = 0, (6.24)

whose solutions include the pointwise BPS configuration Vo = ¢ under suitable
boundary conditions. For Tr > 0 the bounded entropy adds a smooth, bounded
nonlinearity to the equation that deforms and truncates the BPS halo profiles. From the
EPI perspective this corresponds to a scalar sector in which the pure Fisher information
is no longer fully extractable due to internal occupancy constraints.

In scalar sectors that descend from a Fisher regularised microscopic dynamics of the
type analysed in the Converse Madelung construction, the overall scale of the quadratic
form I, inherits the Fisher coefficient @ = h?/(2m) associated with the underlying
degrees of freedom.

After a canonical rescaling of the scalar amplitude to bring I to the form % f |Vo|*du,
this coefficient moves into the normalisation of the source term and can be interpreted
as setting an effective inverse squared coupling for the scalar mode. In this way the
stiffness of the scalar Fisher channel is tied, at least at the level of scale setting, to the
same Fisher coefficient that controls the microscopic quantum regulariser.

6.5 Dynamic scalar sector and Fisher spectral fingerprints

So far we have treated the scalar sector statically, focusing on the free energy and its
minimisers. To connect with the Fisher spectral channel and the J to I pumping picture
we briefly outline a dynamic extension.

Let 0y (x) evolve according to a gradient flow with respect to the Fisher type metric
and the free energy Fr,
0,0 = =VpFr(oy), (6.25)

where 4 is an appropriate Fisher type metric on the space of scalar fields. Linearising
this evolution around a stationary solution o, one finds a generator of the form

Gscalar = -Lr -Tr Lg, (626)

where L is a positive selfadjoint operator derived from the quadratic Fisher form and
Lgs is a bounded operator arising from the second variation of the bounded entropy.
The spectrum of Ggcq1ar can be analysed to extract an effective rate density peg(A) for
scalar relaxations in a given mode family.

If the scalar sector is additionally coupled to a reversible channel, for example through
a Hamiltonian term that drives oscillations or waves in o}, one obtains a full unified
generator Kgcalar = Gscalar + Jscalar- In this setting J to I pumping corresponds to the
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reversible part feeding energy into certain scalar modes, which are then dissipated
through Ggcalar. The early time growth of information reception in these modes is
controlled by the high frequency tail of p.g, and particular power law behaviours, such
as the golden exponent case, can be traced back to specific Fisher spectral fingerprints
of the scalar sector.

From the present point of view the key conclusion is that the scalar free energy (6.17)
is not an isolated model but a concrete instance of an EPI style functional on a Fisher
type state space, with a well defined Fisher spectral channel and a bounded entropy
that embodies internal occupancy constraints. In later work this scalar sector will be
coupled to Newtonian gravity to produce Fisher halos that inherit both the Bogomolny
structure and the bounded entropy truncation, but these physical interpretations lie
beyond the scope of the present paper.

Simple one dimensional tests of this scalar EPI/BPS channel in diffusion, neuronal
membrane dynamics and battery discharge are summarised in Appendix A.

7 UIH and extreme physical information

Frieden’s “extreme physical information” (EPI) programme [17-19] starts from a
variational principle for two Fisher-type scalars: an observed Fisher information /
associated with a data channel, and a bound information J carried by the source or
underlying field. The basic axiom is written schematically as

6(I-J)=0, (7.1)

with the claim that, once I and J are written in terms of a field ¢ and its derivatives,
the Euler-Lagrange equations reproduce the familiar dynamical laws of physics.

In Universal Information Hydrodynamics [3, 4], the starting point is different but the
central scalar functional has the same structure. We take a probability density p (and,
when present, a phase S) on a configuration space M, endow $ (M) with a Fisher
metric G and a compatible symplectic form J to form a Fisher-Kéahler structure, and
then build dynamics as metriplectic flows on this information geometry. The natural
Fisher functional on M is

tnlp] = [ p(0(6) 9y 10g p(x) 0 o p o) du o) (7.2)

where g’/ is the information metric and yu is the reference measure. For a given system
there is a preferred reference state p. (vacuum, equilibrium or prior), with its own
Fisher content Iyig[p«]. UIH dynamics then naturally attach physical meaning not
to Iy in isolation, but to the difference between the current Fisher content and this
background value.
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This makes the link to EPI precise. At the structural level, we can identify

I «— Iymlpl, J —— Iumlp:], (7.3)

so that the EPI functional / —J is nothing more than the Fisher excess of the current state
over the reference state inside the UIH geometry. In particular, the variation (7.1) is
naturally reinterpreted as selecting those UIH flows which extremise the Fisher excess,
subject to the constraints encoded in the choice of configuration space, Hamiltonian
part and dissipative part. No additional axiom is required: the EPI functional is simply
a particular scalar observable on the universal Fisher-Kédhler manifold.

Thermodynamic path cost in the UIH setting. In the density based realisation
of UIH, the same Fisher operator that enters the EPI functional also fixes a natural
path cost on non equilibrium protocols. For a time dependent family (p;);e[0,7] With
velocity v, = d;p, the minimal quadratic cost Cmin(ps; v;) in the weighted H,, 1(G)
geometry is defined by

1
Cin(p13 V1) = 5 / pr(x) (V(bt(x))TG(pt,x) Ve (x) dx, _Lpz,G¢t = V¢,

as in the metriplectic analysis of the irreversible sector [2]. It is convenient to package
this quadratic form as

g P (Ve ve) 1= 2 Crin(prive), (7.4)

which is positive definite on the mean zero tangent space. The path action and length
used there can then be written as

1 T T
alpd = 5 [ gPeavan Ll = [ JrelPoivar

The cost entropy inequality for the irreversible sector,

Wi ) < 2Cmin(prive) (p0) = gL (veave) & (py),

with equality on the gradient flow direction, shows that g™ controls the maximal
irreversible power that can be realised at fixed entropy production rate. In this limited
sense the Fisher geometry on densities supplies a thermodynamic length type structure
for UIH protocols, compatible with the EPI viewpoint in which I and J are read
as observables on the same Fisher Kihler manifold. A systematic development of
thermodynamic geometry in this setting is left to future work.

At a formal level the action A[p.] in (7.4) can also be read as an Onsager—Machlup
type functional for diffusion processes with mobility G and free energy F. In standard
small noise limits the same quadratic form controls the leading large deviation rate for
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atypical paths, with path probabilities of the form

Plpe] ~ exp(—ﬂ [p.]/g)

for an appropriate noise strength €. We do not develop a full path space large deviation
theory here, and none of the later arguments depend on it, but this identification is
compatible with the thermodynamic length reading above and clarifies that the UIH
Fisher geometry can in principle be equipped with both a metric and a large deviation
interpretation on protocol space.

This reinterpretation becomes concrete in the scalar halo and BPS saturation construc-
tions. In the Fisher halo model, the scalar field o is governed by an action whose
Fisher part is of the form

_ Vo®)
I[U]—A}a(X)de, (75)

together with a bounded entropy correction and baryonic source terms. Completing
the square yields a Bogomolny-type Fisher inequality,

Ilo] = Zonalpsl, (7.6)

with equality if and only if o satisfies a first-order “Fisher BPS” equation determined
by the baryon density p,. From the UIH perspective this is a particular instance of a
Fisher lower bound on a coadjoint orbit; from the EPI perspective it is precisely an
extremum of an / — J type functional, with 7 [o] playing the role of I and the bound
Jona playing the role of J. The BPS-saturated halo thus realises an EPI extremum
inside a fully geometric UIH setting.

A complementary and genuinely experimental example comes from anisotropic
transport in strange metals. Here the “channel” is the angular dependence of the
longitudinal resistivity p..(6) in a tilted magnetic field. Given an angular sweep
(0:, pzz.i), we define a normalised discrete probability distribution on the circle

Pzz,i

p(e) = »
' Zj Pzz,j

(7.7)

and use it to compute a discrete Fisher information 7y on S' as a Riemann sum
approximation to fp(@) (9o logp(@))zdez

2

Alo

lo ~ Zp(&-) (—Agp) Ab;, (7.8)
i i

with 6 measured in radians and finite differences taken with periodic boundary
conditions on the circle.
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In parallel we decompose the dimensionless anisotropy

_ Pzz(0)

»(0) (Pzz)0 -

1
1, (Pzz)6 = N szz,i’ (7.9

into a small number of angular harmonic modes via a stabilised Fourier fit

K

y(0) ~ Z[ak cos(k6) + by sin(k6)], (7.10)
k=1

and record the harmonic amplitudes Ay = /ai + bi and their power fractions
fi =AY/ % A7

Applied to the Warwick 3D strange-metal dataset, we find that: (i) for fixed field H the
Fisher information /4 is largest at low temperature and decreases monotonically as T
increases; (ii) a very small number of harmonics (K = 3) captures essentially all of the

variance in y(6), with variance explained exceeding 99 % in all cases; and (iii) the
Shannon entropy of the harmonic power fractions,

K
Sharm = = ), fi log f, (7.11)
k=1

lies in a narrow band across the dataset, indicating that the strange metal occupies
a structured interior region of the harmonic (Fisher-spectral) simplex rather than
collapsing either to a single dominant mode or to a completely flat spectrum.

From the EPI viewpoint this experiment can be regarded as a direct probe of an
information channel: the latent angular mode content (the “bound” term J) is partially
realised as observable Fisher structure Iy and a finite set of harmonics Ay in the
transport data. From the UIH viewpoint it is a concrete example of a non-equilibrium
condensed-matter system whose configuration space (here the circle of directions)
carries a Fisher metric, whose dynamics populate a low-dimensional Fisher spectral
subspace, and whose information content /4 evolves in a controlled way under changes
of external parameters (H, T, ¢).

In this sense, EPI is not a separate foundational principle but a particular way of slicing
the universal UIH geometry: the functional / — J may be interpreted as the Fisher
excess of a state over a reference Fisher vacuum, and EPI extrema coincide with UTH
states that saturate Fisher bounds (BPS-type configurations) or sit at Fisher-spectral
fixed points of the UIH flow.
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8 Discussion and outlook

We conclude by summarising the main geometric structures developed in this paper,
their role in Universal Information Hydrodynamics, and how they connect to earlier
and future work. In particular we have placed Frieden’s Extreme Physical Information
(EPI) programme on an intrinsic Fisher-Kahler footing and exhibited explicit scalar
and experimental channels in which EPI functionals arise as geometrically natural
quantities rather than external postulates.

8.1 Summary of the Fisher-Kahler construction

Starting from a state space equipped with a monotone information metric and a
symplectic form we introduced the information structure tensor

B, = g, wp, 8.1

and defined a Fisher structure by requiring that —Bg is positive definite. On finite
dimensional quantum state orbits of fixed spectrum we showed explicitly that this
condition holds: the BKM metric and the KKS form decompose into two dimensional
root plane blocks, on each of which B, is a scalar multiple of the standard complex
structure and —Bz, is a positive multiple of the identity.

From the Fisher structure we constructed the positive intertwiner

Sy = \-B2. (82)

the twisted complex structure

I, = S;'B,, (8.3)
and the Fisher-Kahler metric
hy(X,Y) = g,(S,X.Y). (8.4)

We proved that on coadjoint orbits the resulting triple (4, w, I) is Kahler and that
its Kahler form coincides with the original KKS symplectic form. The metric &
and the complex structure [ are therefore intrinsic to the pair (g, w) and encode two
quadratures of a single information current on the state space: a symmetric quadrature
associated with 2 and an antisymmetric quadrature associated with w.

This Fisher-Kahler structure provides the natural geometry for gradient flows and
Hamiltonian flows on quantum state manifolds and reduces to the classical Fisher
metric on commutative probability simplices when the noncommutative degrees of
freedom are absent. In subsequent sections we showed how the same geometry
organises EPI-style functionals and scalar Fisher sectors, so that what appear as
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separate quantities in Frieden’s original formulation descend from a single geometric
object.

8.2 Unified generator and slow sector fingerprints

Equipped with the Fisher-Kahler geometry we formulated a unified generator
K =G+, (8.5)

with symmetric nonpositive part G and antisymmetric part J, acting on observables
or on fluctuations around equilibrium. The metric 4 induces a symmetric bracket for
observables, and the symplectic form w induces a Poisson bracket; the generator K
combines these into a single evolution operator.

In this setting hypocoercivity arises from the interplay between G and J: even when
G has a large kernel, the full generator K can induce exponential convergence to
equilibrium through the coupling enforced by the Fisher-Kahler geometry. The
“Fisher-based relaxation” intuition of EPI is thus realised as hypocoercive convergence
generated by a single Fisher-Kahler current rather than by a separate dynamical principle.
Renormalisation group procedures then coarse grain this structure and produce
fingerprints of slow sectors in terms of characteristic relaxation rates, hypocoercive
indices, and curvature data of the Fisher-Kahler metric.

These fingerprints align naturally with the slow sectors studied in Universal Information
Hydrodynamics. Quantum hydrodynamic sectors, dissipative Lindblad sectors, and
classical Fokker-Planck sectors can all be seen as projections of the same underlying
Fisher-Kahler current onto different coarse grained variables, with the unified generator
providing a single language for reversible and irreversible dynamics and a natural
habitat for EPI functionals.

8.3 Fisher spectral channels and Frieden’s EPI

We interpreted the symmetric part G of the unified generator as defining a Fisher
spectral channel for information transfer. The spectral decomposition of —G yields a
distribution of relaxation rates, and for each slow sector one can define an effective
rate measure whose tail controls early time growth of received information. When
this tail has a power law form the associated information reception grows as a power
of time, with the exponent directly linked to the spectral exponent. This provides the
geometric mechanism behind EPI-style information growth laws.

Within this setting we gave a precise bridge between EPI and UIH. For one-dimensional
translation families we proved an exact EPI-to-UIH Fisher identity: the parametric
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Fisher information /},sram associated with translations of a location parameter coincides
with the spatial Fisher information I, computed from gradients of the probability
density. We verified this equality analytically and numerically for Gaussian, Laplace,
and Cauchy families using a dedicated EPI-UIH check script, obtaining high precision
agreement between parametric, grid-based, and closed form expressions for the Fisher
information. In this sense the EPI data functional / and the UIH spatial Fisher
functional are two evaluations of the same underlying quantity.

The source functional JF is naturally associated with structural and Hamiltonian
contributions encoded in the antisymmetric part J of the unified generator. Jr to I
pumping then describes the process by which reversible dynamics injects energy into
modes that relax through the Fisher channel, with the Fisher spectral tail acting as a
fingerprint of how efficiently source information is converted into data information.
Special exponents, such as the golden case, correspond to distinguished Fisher spectral
patterns. A Fisher spectral tail peg(1) ~ CA7!79 with § = ¢ defines a golden
information channel, and even simple two-channel RG maps already exhibit ¢ as a
scaling eigenvalue for the relative weight of the reversible and dissipative quadratures.
This connects Frieden’s golden exponent observations directly to the spectral geometry
and RG structure of the unified generator.

8.4 Scalar sector as a worked example

As a concrete example of an EPI style functional on a Fisher type state space we
developed a scalar information sector. A scalar field o-(x) carries a Fisher gradient
energy, couples linearly to an external source ¢g(x), and is endowed with a bounded
entropy constructed from a logistic occupation fraction. The pure Fisher sector free
energy admits an exact Bogomolny completion, with a pure Fisher charge Qr[¢]
determined entirely by the source and a first order saturation condition

Vo = g. (8.6)

Configurations that satisfy this condition are Fisher BPS states for the scalar sector
and minimise the pure Fisher part of the free energy at fixed charge.

The bounded entropy imposes internal occupancy constraints that deform and truncate
the BPS profiles, leading to a scalar free energy

1
Friol = $IVo - qll%, = Qrlql = TrSpnalo] (8.7)

that is globally bounded below and realises an EPI style structure Fr = Iyc — JF s
with TF playing the role of an effective temperature. This scalar sector has a natural
Fisher spectral channel, and when embedded in a unified generator it supports Jr to /
pumping and power law information growth governed by its spectral tail. It thus serves
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both as a worked example of an EPI functional in the Fisher-Kahler setting and as a
template for later Fisher halo constructions.

In later work this scalar sector will be coupled to Newtonian gravity to define Fisher
halos, with the Bogomolny structure controlling halo profiles and the bounded entropy
controlling halo truncation. The present paper isolates the information geometric
content of this sector and shows how it fits into the Fisher-Kahler and EPI framework.

8.5 Connections to experiments and earlier UIH papers

The constructions developed here provide a common geometric foundation for several
strands of Universal Information Hydrodynamics and connect them to concrete
experimental channels.

* The converse Madelung and Madelung answer papers [1, 2] identify quantum
hydrodynamics as a Fisher regularised Schrodinger dynamics. The Fisher-Kahler
geometry developed here gives a natural finite dimensional benchmark for the
corresponding infinite dimensional density manifolds and their gradient Hamiltonian
structure, and the EPI-to-UIH identity shows how parametric Fisher information in
those settings can be reinterpreted geometrically.

* The hypocoercive renormalisation work studies how slow sectors and their spectral
data evolve under coarse graining. The unified generator and Fisher spectral channel
developed in this paper provide the geometric language in which these RG flows can
be interpreted and classified, with golden and other distinguished exponents arising
as RG eigenvalues of Fisher spectral tails.

* The unified operator and tomography work implements finite dimensional tests of the
unified generator picture using quantum channels, IBM devices, and Fisher-Kahler
metrics. The coadjoint orbit geometry and Fisher untwisting presented here supply
the intrinsic geometric backbone for these operator level constructions and clarify
how decay exponents and idle-channel fingerprints should be interpreted as Fisher
spectral signatures rather than isolated decoherence times.

* The emergent Fisher halo and gravity work, to be revised in light of the present
developments, will use the scalar sector as a Fisher EPI example and couple it to
gravity. The Bogomolny structure and bounded entropy developed here will appear
there as purely geometric features of a scalar Fisher vacuum sector, rather than as ad
hoc model choices, and the link to EPI will make the Fisher halo free energy a direct
realisation of an I — JF extremisation principle.

* On the experimental side we constructed two Fisher channels. First, we extracted an
angular Fisher information /4 on the circle from strange-metal magnetotransport
data, viewing p,,(0) as a probability density and reading off both Fisher information
and harmonic fingerprints from the angular response. Second, we analysed centre-of-
mass trajectories of an optically trapped microsphere, modelled as a one-dimensional
Ornstein-Uhlenbeck process, and showed quantitative agreement between the analytic
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Fisher information 1/0-> and both parametric and grid-based Fisher estimates inferred
from experimental time series. These examples demonstrate that the Fisher-Kahler
and EPI structures discussed here are already visible in high precision experiments
and not confined to purely formal models.

In this sense the present paper can be viewed as a geometric appendix and experimental
bridge for the wider UIH programme, crystallising the Fisher-Kahler structure that
underlies the reversible and irreversible dynamics studied in earlier work and providing
a clear path from Frieden’s EPI functionals to concrete Fisher channels in data.

8.6 Open problems and future directions

Several natural extensions and open problems arise from this work.

* A fully rigorous infinite dimensional Fisher-Kahler theory for density manifolds and
quantum state spaces remains to be developed. This requires functional analytic
control of the information structure tensor, the untwisting map, and the complex
structure in infinite dimensions, together with domain control for the unified generator
K.

* The relation between hypocoercive indices, Fisher-Kahler curvature, and renormali-
sation group flows deserves a systematic investigation. One expects that curvature
invariants of the Fisher-Kahler metric constrain feasible slow sector fingerprints and
spectral tails, and that RG fixed points correspond to distinguished Fisher-Kahler
geometries.

* The scalar sector developed here should be analysed dynamically in more detail,
including its Fisher spectrum, its Jr to I pumping behaviour, and its possible
golden information channels. This would provide a direct quantitative link between
Frieden’s exponents and explicit scalar dynamics and clarify how Fisher halos inherit
their relaxation fingerprints.

* Coupling the scalar sector to gravity and to other fields within the UIH framework
should reveal how Fisher-Kahler geometry constrains emergent gravitational phenom-
ena and halo structures, and how bounded entropy modifies classical expectations.
A parallel development in experimentally accessible systems, such as driven OU
channels and strange-metal transport, would supply further Fisher channels in which
the EPI-UIH bridge can be tested quantitatively.

* Finally, it would be valuable to extend the experimental Fisher-channel analysis
beyond the examples considered here. In particular, improved tomography and idle-
channel monitoring on quantum devices, and longer, higher precision trajectories in
optical traps and condensed matter systems, could provide clean tests of Fisher-based
relaxation, golden information channels, and the EPI-to-UIH Fisher identity in
settings where both the dynamics and the state space geometry are under precise
control.
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Addressing these questions would complete the geometric part of the UIH programme
and further clarify the role of information geometry as a unifying language for reversible
and irreversible dynamics in physics, while placing Frieden’s EPI ideas on a firm
geometric and experimental footing.
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Appendix: Strange metal Fisher spectral analysis

e warwick_strange_metal_harmonics.py

Master loader and harmonic analyser for the Warwick 3D strange metal dataset.
All experimental angular sweeps are assumed to live in a local ./data direc-
tory as plain text files of the form theta(deg) rho_zz(mOhm.cm) with op-
tional header lines. The script parses metadata (H, T, ¢) from filenames such as
Fig2a_H45T6phi0.dat, prints a per-sweep summary (angular range, number of
points, mean and relative variation of p,,), and fits low-order Fourier harmonics to
the dimensionless anisotropy

_ Pzz(6) _1

¥(0) (Pzz)6

For a chosen maximum harmonic K it solves

K
y(6;) ~ Z [ak cos(k6;) + by sin(k@i)]
k=1

via a numerically stabilised SVD least-squares fit with RMS column scaling and a
tunable relative cutoff rcond on the singular values. It reports the RMS anisotropy
rms(y), RMS residual, fraction of variance explained, and the harmonic amplitudes

A =4 ai + bi for each sweep, and can optionally write a tab-separated summary
table warwick_harmonics.tsv containing (H,T, ¢), Ay, the corresponding
power fractions fx, and basic conditioning diagnostics.

Typical usage:

py warwick_strange_metal_harmonics.py -max-harmonic 3
py warwick_strange_metal_harmonics.py -max-harmonic 3 \
-include-edlb -tsv-out warwick_harmonics.tsv

e warwick_strange_metal_fisher.py
Angular Fisher-information and Fisher-spectral post-processing for the same
dataset. This script reads the tabulated harmonic summary produced by
warwick_strange_metal_harmonics.py (via -harmonics-tsv), reloads the
corresponding angular sweeps from . /data, and constructs a normalised probabil-

ity density on the circle,
Pzz(0:)

> jPzz (¢ j ) '
It then computes a discrete Fisher information 7, on S' using finite differences on
a strictly increasing 6-grid, together with its square root vy, and combines the

p(6;) =
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harmonic power fractions f; into a Shannon entropy

K
Sharm = — Z fk logfk-
k=1

The script prints, for each sweep, the basic metadata (H, T, ¢), the number of
angular points Ny, the Fisher information /4 (in units of rad ™), Vg, and Sharm.
and can optionally write a tab-separated output file (e.g. warwick_fisher.tsv)
suitable for plotting or further statistical analysis.

Typical usage:

py warwick_strange_metal_fisher.py \
-harmonics-tsv warwick_harmonics.tsv \
-tsv-out warwick_fisher.tsv

9 Appendix: EPI-to-UIH Fisher identity for translation families

Frieden’s EPI formalism is built around the Fisher information of a parameter, typically
a location or scale of a probability density p(x | ). In the UIH framework we instead
work with the configuration space Fisher functional

Irlp] = /R p(x) (3 log p(x))” dr.

which couples naturally to gradients in the hydrodynamic picture. For a one dimensional
location family

px | )= fx—p),

the EPI Fisher information for the location parameter u is

Tepn() = /]R px | 1) (B Tog plx | ) d.

Using the chain rule and translation invariance,

Oplogp(x | p) = —0xlog p(x | p),

so the integrands coincide pointwise and we obtain the exact identity

temn() = [ px 1) (010 p(x | 0) ax = [ p(x] ) (@ tog x| 1)’ dx = 1]
. . 9.1

In other words, for any translation invariant channel the EPI parameter space Fisher

and the UIH configuration space Fisher functional are literally the same object.

To make this connection numerically explicit we implemented a simple check script
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uih_epi_checks.py. For a given location family, the script builds a symmetric grid
[-L, L] around u, evaluates a log density log p(x | u), reconstructs the normalised
density p(x | u) on the truncated domain and then computes

zparam=/p<x|u> (8 1og p(x | ) dr. 1x=/p<x|u> (B log p(x | w))>dx,

by trapezoidal quadrature, together with the known analytic Fisher information Zexact
for the location parameter. We tested three standard families with unit scale and u = 0,

. 1 (x — p)? 1
Gaussian:  p(x | p,0) = o exp(— 202 s Mexact = F,
1 X — 1
Laplace: p(x | u,b) = ﬁ eXP(—l b’u|) > lexact = ﬁ’
1 1
Cauchy: p(x|u,y) = — 5 lexact = 5—-
Y1+ ((x = w)/7) 2y

With N = 4001 grid points, o = b = y = 1 and truncation windows [ -8, 8], [—12, 12]
and [-200, 200] respectively, we obtain:

|Iparam - Iexactl

Gaussian:  Iparam = I, = 1.00000, ~8x 10714,
Iexact
|Iparam -1 exactl -3
Laplace: [Iparam = Ix # 0.9970, ————=3x107",
Iexact
|Iparam - Iexactl -3
Cauchy:  Ipgram = Ix = 0.5016, —— =3 x107".

Iexact

In all three cases the numerically computed parameter space Fisher I3ram and configu-
ration space Fisher I, agree to machine precision within the truncated domain,

|Ix - Iparaml ~ 0’

I, param

and the small deviations from the analytic values for the Laplace and Cauchy families
are entirely attributable to finite window effects for the heavier tails. This provides a
clean, direct numerical confirmation of the identity (9.1), and hence of the consistency
between the EPI Fisher functional and the UIH Fisher functional in the simplest
translation invariant setting.

10 Appendix: Optical trap Ornstein-Uhlenbeck channel

To close the loop between Frieden’s EPI channel picture and our UIH field picture on
a real experimental system, we analyse a one dimensional Ornstein-Uhlenbeck (OU)
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relaxation channel realised by an optically trapped microsphere. We use the centre of
mass tracking data from the Gaussian optical trap in the dataset of Gorlich et al. [20],
specifically the “COM Tracking 20221129 10um gaussian” run, sampled at 250 Hz.

We focus on the x coordinate of the centre of mass. After discarding an initial burn-in
of t ~ 25 to ensure equilibration, we obtain an effective trajectory of N = 6640
samples with time step At = 0.004s and total duration ~ 26.6s. The mean and
standard deviation of the coordinate are

%~ 0.15nm, o ~29.37 nm, o? ~ 8.626 x 10% nm°. (10.1)

A simple AR(1) fit to the mean subtracted trajectory, X,,+1 = @natXn +Nn, With Gaussian
innovations 1, yields an OU relaxation rate

1
anat ~ 0.862, A=-+ log ap ~ 37.1571, r=2"1%0.027s, (10.2)
and a diffusion coefficient D consistent with the measured variance via the OU relation

o2 =DJ/A.

For a stationary OU process in one dimension with equilibrium density p(x) =
N (i, 02), the Fisher information for translations of the mean is

‘ 1
15 = [ p() (8,108 p()” dx = . (103)

This is the parametric Fisher that enters Frieden’s EPI channel picture for the mean
parameter u. On the other hand, the UIH spatial Fisher density associated with the

stationary distribution is
U H _ 6x p X 2

which, for a Gaussian, coincides with IZ’“‘“.

We verify this coincidence numerically on the experimental trajectory. The script
optical_trap_ou_fisher.py takes the COM time series as input, estimates (X, o),
constructs a maximum likelihood Gaussian model, and computes:

1. the parametric EPI Fisher IEPI for the mean parameter from the score,
2. the spatial UIH Fisher I UH from a grid based estimate of p(x),
3. the analytic benchmark /9 = 1/

On the x coordinate of the “COM Tracking 20221129 10um gaussian” run we find

I[P = 1.159226956x107°,  IV™ = 1.159226872x107°,  I°°*' = 1.159226956x107°.

(10.5)
The relative errors are
| IEPI _ Iexact| IUIH _ Jexact
K1 ~3x 10714, | | ~7x1078, (10.6)
IGXaC[ Iexact
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well within the expected numerical error of the grid quadrature. Thus, for a real OU
relaxation channel in an optical trap, the Fisher information controlling Frieden’s EPI
and the Fisher functional that appears in our UIH formalism coincide to high numerical
precision. This provides a referee proof cross check, on non synthetic data, that EPI’s
information channel and UIH’s spatial Fisher are the same invariant for equilibrium
OU dynamics.

A Scalar BPS channels and empirical sense checks

The scalar Fisher sector developed in the main text already realises the Extreme
Physical Information (EPI) principle in the form of a functional K = I — J on a scalar
field o. This appendix records a compact one dimensional specialisation and notes
three simple empirical channels where the resulting Bogomolny structure has already
been checked against data. The purpose is not to present full analyses, but to show
that the scalar EPI to BPS machinery is operational in ordinary laboratory systems.

A.1 One dimensional Fisher EPI channel

In the scalar sector the Fisher information and source functionals take the form

1
Mol =5 [ we ol dut.  grlol= [ w0 Yot a0 duco).
(A.1)
with positive weight w and a prescribed source field g. The EPI functional is

Folo]l =I[o] -Jrlo]. (A.2)

For a one dimensional channel with coordinate x and measure du(x) = dx we write
o’ (x) = do/dx and obtain

Flo] = %‘/ w(x) o (x)? dx — / w(x) o’ (x) g(x) dx. (A.3)

Completing the square gives the scalar Bogomolny form

1 , 2 1
Rlol+0r =5 [wi ['0-gw]a 0= [ wigerar. ()
The bound is saturated if and only if
o’(x) = g(x) for almost all x, (A.5)

which is the one dimensional BPS condition for the scalar channel.
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For later reference it is convenient to define a dimensionless information deficit

Folo] + OF
OF .

From (A.4) this obeys Aino = 0, with Ajpgo = 0 if and only if the BPS condition (A.5)
holds. In the examples below the source field g is fixed by a reference or theoretical
response, and Ajnf, measures how far a measured trajectory o lies from that extremal
in a Fisher weighted L? sense.

Ainfo[ 0] = (A.6)

A.2 Examples of scalar Fisher channels

We now outline three independent one dimensional channels in which the structure
above has been checked against real data. In each case the channel coordinate, state
field and source field are chosen so that o’ (x) and ¢(x) are directly computable from
a simple reference model.

Diffusive FRAP channel. In fluorescence recovery after photobleaching experiments
on thin aqueous films the state is the dye concentration profile o-(x) along a line
through the bleached region at a fixed exposure time Zcx,. The channel coordinate is
the spatial coordinate x in the film plane, and the source field g(x) is taken to be the
spatial gradient of the theoretical diffusion solution at that exposure for the best fit
diffusion coefficient D at the given water activity. The Fisher weight w is proportional
to the inverse diffusivity, as in the scalar sector. For high mobility films and sufficiently
long exposures the measured o’ (x) closely tracks ¢(x) and the deficit Ay, is found to
be much smaller than unity, consistent with near saturation of the Bogomolny bound.

Neuronal membrane channel. In whole cell current clamp recordings the state can
be taken as the membrane potential o(¢) = V,,,(¢) during a step current protocol. The
channel coordinate is time ¢ on a window of a few membrane time constants after
step onset. The source field g(¢) is constructed from the passive RC response of the
membrane using the independently measured input resistance R;, and membrane time
constant 7,,,. A constant weight w over the window is sufficient for the present purpose.
For suprathreshold depolarising steps the measured gradient o’ (¢) deviates strongly
from the passive template ¢(z) due to active conductances. In this regime the deficit
Ainfo computed from (A.6) is large, giving a clean example of a scalar channel that is
far from its passive BPS extremal.

Battery discharge channel. For a lithium ion cell cycled at constant discharge
current the state is the terminal voltage o-(s) = V(s) as a function of normalised depth
of discharge s € [0, 1]. Each cycle has its physical time coordinate rescaled to this
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unit interval. An early life discharge curve is taken as a reference and its gradient
q(s) defines the source field for the channel. A constant weight w gives a simple first
diagnostic. Fresh cycles yield Ajnf, close to zero, while aged cycles converge to an
order unity deficit that is stable over many further cycles, reflecting a reproducible
degraded discharge shape. This provides an example of a hypocoercive channel that
relaxes towards a non BPS attractor while remaining geometrically close to a fixed
BPS template.

Taken together these examples show that the scalar Fisher EPI channel (A.3) and its
Bogomolny completion (A.4) already capture the behaviour of simple one dimensional
relaxation experiments in diffusion, electrophysiology and electrochemistry. The
experiments provide sense check verification that the scalar Fisher sector is not only
a formal construction, but has direct and coherent contact with ordinary laboratory
channels.

51



Acknowledgements. The author thanks everyone. The world is a beautiful place and
the future is bright.

Code availability

All scripts used are available at https://doi.org/10.5281/zenodo.17815695

Data available from cited sources.

References

(1]

(2]

(3]

(5]

(6]

(7]

(8]

[9]

[10]

(11]

[12]

[13]

[14]

J. R. Dunkley. The Converse Madelung Question: Schrodinger Equation from Minimal
Axioms. arXiv:2511.03552 (2025).

J. R. Dunkley. The Converse Madelung Answer: Quantum Hydrodynamics and Fisher
Information Geometry. 10.5281/zenodo.17643885 (2025).

J. R. Dunkley. Universal Information Hydrodynamics. 10.5281/zenodo.17651781 (2025).
J. R. Dunkley. Hypocoercive Renormalisation. 10.5281/zenodo.17751078 (2025).

R. A. Fisher. On the mathematical foundations of theoretical statistics. Philosophical
Transactions of the Royal Society A 222,309-368 (1922).

S. Amari and H. Nagaoka. Methods of Information Geometry. AMS Translations of
Mathematical Monographs, Vol. 191, American Mathematical Society (2000).

D. Petz. Monotone metrics on matrix spaces. Linear Algebra and Its Applications 244,
81-96 (1996).

R. Kubo, M. Toda, and N. Hashitsume. Statistical Physics II: Nonequilibrium Statistical
Mechanics. Springer Series in Solid State Sciences, Springer (1991).

A. A. Kirillov. Lectures on the Orbit Method. Graduate Studies in Mathematics, Vol. 64,
American Mathematical Society (2004).

J.-M. Souriau. Structure of Dynamical Systems: A Symplectic View of Physics. Progress
in Mathematics, Vol. 149, Birkhiuser (1997).

J. E. Marsden and T. S. Ratiu. Introduction to Mechanics and Symmetry, 2nd ed. Texts in
Applied Mathematics, Vol. 17, Springer (1999).

N. M. J. Woodhouse. Geometric Quantization, 2nd ed. Oxford Mathematical Monographs,
Oxford University Press (1991).

L. Ambrosio, N. Gigli, and G. Savaré. Gradient Flows in Metric Spaces and in the Space
of Probability Measures, 2nd ed. ETH Lecture Notes, Birkhduser (2008).

R. Jordan, D. Kinderlehrer, and F. Otto. The variational formulation of the Fokker-Planck
equation. SIAM Journal on Mathematical Analysis 29(1), 1-17 (1998).

52



[15] C. Villani. Hypocoercivity. Memoirs of the American Mathematical Society 202, no. 950
(2009).

[16] P.J. Morrison. A paradigm for joined Hamiltonian and dissipative systems. Physica D
18(1-3), 410-419 (1986).

[17] B.R. Frieden. Physics from Fisher Information: A Unification. Cambridge University
Press (1998).

[18] B.R. Frieden. Science from Fisher Information: A Unification. Cambridge University
Press (2004).

[19] B.R.Frieden and R. A. Gatenby. Principle of maximum Fisher information from Hardy’s
axioms applied to statistical systems. Physical Review E 88, 042144 (2013).

[20] A. Gorlich et al. Title to be completed. Science Advances xx, eadi7792 (2024).

53



