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Abstract

We study finite observation in irreducible finite-state continuous-time Markov
nonequilibrium steady states at the Gaussian fluctuation level set by the Donsker—
Varadhan Hessian. In reduced Fisher coordinates, we prove that the nonequilibrium
correction is a weighted signal operator with weighted Gram form. For rank-d
orthogonal observation, this yields a closed spectral law: the visible correction is given
by a Ky Fan envelope, the retention hierarchy and hidden tail are explicit, and weighted
stable rank provides a natural complexity invariant. We further prove that observed
Gaussian distinguishability is governed by a positive shadow operator. The compressed
Hessian splits into a projected detailed-balance backbone plus visible correction, and
the divergences between the observed nonequilibrium and observed detailed-balance
centred Gaussian laws reduce to spectral functions of the shadow. Backbone whitening
yields a second spectrum governing detectability, distinct from raw visibility. The
full envelope hierarchy recovers the ordered singular-energy profile of the correction
operator. This weighted geometry transfers to abstract finite-dimensional metric settings
and hence to linear BKM operator geometry. Worked benchmarks and matched controls
show how the visibility and detectability spectra behave across distinct nonequilibrium
networks, and where low-rank concentration should not be overinterpreted.
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1 Introduction

1.1 The finite observation problem

A nonequilibrium system may carry irreversibility across many microscopic directions while
only a small observable sector is accessible. Hidden transitions, finite time resolution, finite
spatial resolution, detector noise, and coarse graining all lead to the same structural question:
what can a finite observer actually see of the nonequilibrium fluctuation structure?

In finite-dimensional Markov nonequilibrium steady states, the natural empirical-measure
fluctuation object is the Hessian of the Donsker—Varadhan rate function at stationarity [1-4].
A finite observer does not see the full Hessian. The observer only sees its compression to a
rank-limited sector. The finite observation problem is therefore precise: given an irreducible
nonequilibrium generator and an observable subspace of dimension d, how much of the
nonequilibrium correction survives projection, and how does that visible share depend on the
geometry of the system and the geometry of the observer?

We show that this question has an answer in the finite-dimensional Markov Gaussian regime.
Once the correction is written in the correct reduced coordinates, finite observation becomes
a spectral compression problem. The visible share is governed by a weighted singular-value
hierarchy. The hidden share is its spectral tail. The effective complexity of visibility is
controlled by weighted stable rank.

1.2 Motivation

Recent work across stochastic thermodynamics, coarse graining, and quantum nonequilibrium
theory has made the finite observation problem sharper and more urgent. The literature
contains lower bounds on entropy production under partial observation, hidden data, coarse
temporal sampling, unresolved transitions, faulty observation maps, and coarse graining [5—
12]. Closely related work studies estimator quality for dissipation under lumping, milestoning,
hidden cycles, current fluctuations, and finite statistics, and proposes random or optimised
coarse-graining strategies for irreversibility detection [13-18].

Restricted-information and coarse-grained quantum thermodynamics make the same point
from another direction: observation changes the effective thermodynamic description [19-23].
At a broader level, the thermodynamic uncertainty-relation programme has clarified how
much of the field is organised around scalar fluctuation bounds rather than observer-resolved
spectral structure [24, 25], and very recent counterexamples show that even two widely used
model-free partial-observation bounds, the waiting-time and TUR bounds, admit no universal
ordering on the same observed link [26].

What is missing from this landscape is a finite-dimensional law for the visible share of the
nonequilibrium correction itself. The current literature is rich in estimators, bounds, and
coarse-grained descriptions. It does not, to our knowledge, provide the rank-constrained
envelope of the projected Donsker—Varadhan correction, the observer-design law at fixed
rank, the shadow criterion for observed Gaussian indistinguishability, or the spectral readout
of the hidden correction in the finite-dimensional Markov setting.



1.3 Main claim and conceptual picture

In the reduced Euclidean Fisher coordinates naturally associated with the dissipative sector,
the nonequilibrium correction to the Donsker—Varadhan Hessian is a weighted signal operator
with weighted Gram form. Finite observation is therefore a rank-constrained orthogonal
compression problem in that geometry.

Two spectra appear. First, the raw visibility spectrum of the weighted signal operator. It
governs visible signal, retention fractions, optimal observers, and the hidden tail. The
second is the backbone-whitened detectability spectrum. It governs distinguishability against
the detailed-balance backbone. These two spectra coincide only in special commuting
or isotropic-backbone regimes. Raw nonequilibrium signal and statistically detectable
nonequilibrium signal therefore need not organise themselves in the same observer directions.

We prove that the observed nonequilibrium Gaussian law is controlled by a positive shadow
operator, and that the full envelope hierarchy recovers the ordered singular-energy profile.
Finite observation is therefore not just a suppression story. It is a spectral theory of visibility,
detectability, and spectral readout.

1.4 Main results

The first result is the bridge from the skew sector to the fluctuation correction. We
prove that the Donsker—Varadhan correction is a weighted Gram signal operator in the
finite-dimensional irreducible Markov nonequilibrium steady-state setting. This is the
representation step that turns the fluctuation problem into operator geometry.

The second result is the finite-observation law. For every orthogonal rank-constrained
observer, the visible nonequilibrium content is determined by a Ky Fan envelope, with an
explicit retention hierarchy and hidden tail. Weighted stable rank is the coarse complexity
invariant attached to this envelope.

The third result is the observer-geometry theorem. Visible signal is an alignment score
against the left singular modes of the weighted signal operator. This yields the optimal
orthogonal observer, its uniqueness criterion under a spectral gap, and the random-observer
baseline in expectation.

The fourth result is the shadow and detectability theorem. The observed Gaussian law is
governed by a positive shadow operator, and backbone whitening produces a second spectrum
for detectability relative to the detailed-balance backbone.

The fifth result is the spectroscopy theorem. The full envelope hierarchy recovers the
ordered singular-energy profile, equivalently the nonzero spectrum of the correction operator.

The sixth result is a transfer theorem. The weighted envelope, retention, alignment, and
spectroscopy structure transfer to an abstract finite-dimensional metric setting and hence to
linear BKM operator geometry.



1.5 Contribution

The paper gives a closed finite-dimensional solution to the finite-observation problem in the
Markov Gaussian regime.

More specifically, it proves a bridge from the skew sector to the fluctuation correction,
a rank-constrained envelope law, an observer-design law, a Gaussian shadow criterion, a
detectability spectrum, and an ordered spectral readout.

1.6 Roadmap

Section 2 fixes the finite-dimensional Markov setting, the Fisher normal form, the notion of a
finite observer, and the observable normal-form language. Section 3 proves the bridge and
identifies the nonequilibrium correction as a weighted signal operator. Section 4 derives the
envelope law, retention hierarchy, hidden tail, and stable-rank obstruction.

Section 5 develops the alignment theorem, optimal observer design, and random-observer
baseline. Section 6 proves the shadow and detectability theorem, including the backbone-
whitened spectrum and a fixed-channel Gaussian noisy-observation extension. Section 7
proves spectral readout from the full envelope hierarchy.

Section 8 shows that projection suppression and shared observed-Gaussian behaviour become
corollaries of the deeper signal theory. Section 9 lifts the classical structure to an abstract
weighted metric setting, and Section 10 gives the linear quantum fluctuation extension
together with its scope and limits.

Section 11 records four selected worked benchmarks: a standard four-state two-cycle network
from the partial-observation literature, a five-state ribosome proofreading network from
the speed-accuracy literature in Section 11.4, a mechanochemically driven kinesin motor
benchmark from the molecular-motor literature in Section 11.9, and a ten-state chemotaxis
feedback benchmark from the sensory-adaptation literature in Section 11.13. These examples
serve as calibration points for the operator theory.

Section 12 places the main results against the most relevant neighbouring literatures.
Section 13 states the scope of the theory, its falsifiers, and its open directions. The
appendices collect the reduced-coordinate identities, weighted linear algebra, random-
projector calculations, Gaussian comparison formulas, supporting worked details, and a
compact interpretive summary.

The paper can be read as a large-deviation Hessian theory, a stochastic-thermodynamic
observation theory, an information-geometric formulation of nonequilibrium visibility, or a
finite-observer design problem. In each case the same weighted signal geometry appears,
with two spectra and a natural complexity invariant.



2 Setting and observable normal forms

2.1 Finite-dimensional Markov nonequilibrium steady states

Let X = {1,...,n} be a finite state space, and let Q be the generator of an irreducible
continuous-time Markov chain on X. Thus Q;; > 0 fori # j, >.; Q;; = 0 for each i, and
irreducibility guarantees a unique stationary law

r= (. om),  m>0, Y m=1, 2.1)
i

satisfying 7Q = 0. We are interested in the nonequilibrium steady-state case, meaning that
0 need not satisfy detailed balance with respect to 7.

Throughout the paper we work at the level of stationary empirical-measure fluctuations. The
natural fluctuation object in this setting is the Hessian of the Donsker-Varadhan rate function
at , viewed in the Fisher geometry associated with the stationary law. This Fisher viewpoint
is not merely convenient notation: in nonequilibrium stochastic thermodynamics it has a
direct geometric and physical interpretation, and in the reversible Markov setting it sits on a
well-developed information-geometric background [27, 28]. The entire finite-observation
theory developed below takes place in the tangent space at r, after passing to the Euclideanised
Fisher coordinates naturally adapted to that geometry.

Let
Dy :=diag(m,..., 7). ex:= (V... V) 2.2)

The Euclideanised Fisher tangent space is
Tr:={ueR":{u,e,)=0}. 2.3)

Equivalently, T, is the codimension-one subspace orthogonal to the stationary direction in
Fisher coordinates. We denote by

P,:=1- e,reT (2.4)

T
the orthogonal projector onto 7.

The Fisher metric in density coordinates becomes the standard Euclidean inner product
after this transformation, so from this point onward all orthogonality, projection, adjoints,
and singular values in the classical Markov setting are taken with respect to the Euclidean
structure on 7, unless stated otherwise.

2.2 Fisher geometry and the normal form

Define the Fisher-conjugated generator
L.:=DY?0D;'? 2.5)

Its restriction to the tangent space carries the full linearised stationary fluctuation geometry.
Since T is L ,-invariant, we may regard

K :=Lglz, (2.6)



as an operator on T,.

The central structural decomposition is the Fisher normal form
K=G+/J, 2.7)

where
K+KT ;. K- KT
2 o2
Thus G is self-adjoint and J is skew-adjoint on 7. In the present work, G is the dissipative
backbone and J is the reversible or skew sector. This symmetricantisymmetric normal-form
viewpoint is consonant with earlier steady-state fluctuation analyses of driven diffusions
[29] and with the network-cycle description of nonequilibrium steady states originating in
Schnakenberg theory [30]. The detailed-balance reference object is obtained by setting J = 0
while keeping the same stationary law and dissipative geometry.

G:

(2.8)

The nonequilibrium correction to the Donsker-Varadhan Hessian will ultimately be shown to
be carried entirely by the skew sector after the correct reduced-coordinate analysis, while the
observed detailed-balance backbone will be governed by the projected dissipative sector.

To work concretely, choose an orthonormal matrix
C e R™(7D (2.9)
whose columns form an orthonormal basis of T,,. Then
c'C=1,.1, cc'=P,. (2.10)

Reduced coordinates x € R"~! are identified with tangent vectors by u = Cx. In these
coordinates the Fisher-conjugated generator becomes

K:=C"L,C, @2.11)
with corresponding reduced decomposition

-~ ~ K+KT
K=G+J, G =

K-KT
5 :

2
All finite-dimensional statements in the main text will be expressed on this reduced Euclidean
space. For notational simplicity, we will often suppress the distinction between the operator

on T, and its matrix in reduced coordinates when no ambiguity arises. Where the reduced-
coordinate nature matters, hats will be retained.

., J= (2.12)

2.3 Observable sectors and finite observers

A finite observer is modelled by a rank-constrained orthogonal projector on the reduced
Fisher space. Concretely, let
m: R — R (2.13)

be a Euclidean orthogonal projector of rank d, and let

U := RanlIl. (2.14)



The rank d is the observable dimension. It is the number of independent fluctuation directions
actually accessible to the observer.

This choice of projector is the mathematical form of finite observation here. It covers rank-
constrained observable sectors, reduced coordinates, compressions to slow manifolds, and
more abstract finite-resolution measurement ideals, provided the observation is represented
by orthogonal compression in the underlying Euclideanised geometry. Later sections will
explain how this structure extends to weighted operator-space settings, where orthogonality
is taken with respect to a nontrivial metric.

Given I, the observer does not see the full operator K, the full detailed-balance Hessian,
or the full Donsker-Varadhan Hessian. The observer sees only their compressions to U.
The finite observation problem is therefore a rank-constrained compression problem on a
fluctuation operator whose full structure is initially hidden.

2.4 Projected observable normal forms

The projected observable normal form associated with II is

NH(Q) = (U’gn’ GH9JH)7 (215)

where gy is the Euclidean metric restricted to U, and
Gn =G|y,  Jy:=J|y. (2.16)

This is the observable triple inherited by finite observation from the full Markov generator.

Observable equivalence is governed by such projected data once the finer nonequilibrium
correction is sufficiently suppressed. The work proves a stronger result. The projected triple
is the observable backbone of a signal theory in which the nonequilibrium correction is
placed in weighted spectral form and its visible share under II is determined in closed form.

Three levels of observable structure will later reappear:

1. the purely metric or static level, carried by U and gy,
2. the dissipative level, carried by Gy,
3. the full projected normal form, carried by (g1, G, Ji1)-

The theory developed below refines this hierarchy by inserting one more object: the projected
nonequilibrium correction to the Donsker-Varadhan Hessian. That correction is the signal of
hidden irreversibility.

2.5 The Donsker-Varadhan Hessian as the fluctuation object

Let Ipy denote the Donsker-Varadhan rate function for the empirical measure of the
irreducible Markov chain generated by Q. Since r is the unique stationary law, n is the
minimiser of Ipy, and the Hessian of Ipy at 7 is positive definite on the reduced tangent
space. We denote this Hessian in reduced Euclidean coordinates by

Hpy. 2.17)



The canonical detailed-balance reference is obtained by Fisher symmetrisation. Let
_ 1 _
Ln:= DDA Grni= 5(La+L]).  Qo:=D7' G (218)
Then Qg has the same stationary law r, satisfies detailed balance with respect to &, and has

reduced Fisher generator G. The corresponding detailed-balance Hessian on the reduced
Euclidean Fisher space is therefore

Hy:=-=G. (2.19)

N —

The nonequilibrium correction is

ADV = HDV - H(). (220)
At this point, Apy is only a definition. The bridge section identifies it as a weighted signal
operator built from the skew sector and the detailed-balance backbone.

The object of interest is not entropy production by itself, nor the full rate function, nor a
pathwise current observable. It is the fluctuation-side nonequilibrium correction encoded in
Hpy. Once that correction is understood, finite observation becomes a problem of spectral
retention, rather than a problem of uncontrolled loss.

3 The Donsker-Varadhan bridge

3.1 Reduced coordinates and the conductance identity

The bridge from the Donsker-Varadhan variational principle to the spectral theory developed
later in the paper passes through a reduced-coordinate quadratic envelope. The full derivation
is carried out in Appendix A. Here we isolate the one structural feature that drives everything
that follows.

Starting from the variational representation of the Donsker-Varadhan rate function, one
introduces reduced logarithmic coordinates near stationarity and expands the envelope to
second order. This produces a reduced quadratic fluctuation problem governed by two
coupled ingredients. One is a current-like reduced operator carrying the skew dependence.
The other is a reduced conductance matrix controlling the quadratic envelope itself. A priori,
both the dissipative and skew sectors could have entered that conductance matrix.

They do not. The conductance matrix of the full nonequilibrium envelope depends only on
the dissipative backbone.

Let Mo denote the reduced conductance matrix produced by the full nonequilibrium envelope
construction, and let Mg denote the corresponding reduced conductance matrix for the
detailed-balance reference problem obtained by suppressing the skew sector. Both objects
are defined canonically by the same reduced-coordinate construction; the explicit formulas
are recorded in Appendix A.



Proposition 3.1 (Reduced conductance identity). In the finite-dimensional irreducible
Markov setting described above, the reduced conductance matrix of the full Donsker-
Varadhan quadratic envelope coincides with that of the detailed-balance reference
problem:

Mo = Mg. 3.1

Equivalently, the quadratic conductance controlling the reduced Donsker-Varadhan
Hessian depends only on the dissipative sector and is blind to the skew sector.

Proof. Write the Donsker-Varadhan variational formula as

Ipy(p) = S‘}llP(— Zﬂiqz'j(ehj_hi - 1))- (3.2)
i,

Choose reduced Fisher coordinates x € R"~! and reduced logarithmic coordinates y € R~
by

u(x) =1+ DY2Cx + O(|x?), h(y) = D;/*Cy. (3.3)

Expanding the variational integrand to second order gives a reduced quadratic envelope

L(x,y) =y'Gy -x"Ky +0(3), (3.4)

12

where K = cTDY?0oD;'?

C=G+17. The key point is that the pure quadratic term in y is
YKy =y"Gy, (3.5)

because ny y = 0 for every skew-symmetric matrix J. Hence the conductance block is

determined entirely by G, and the nonequilibrium reduced conductance coincides with the
detailed-balance one. Equivalently,

—

Mo = Mg =-G. 3.6)
The skew sector survives only in the current block —TK y.

Proposition 3.1 is the hidden hinge of the paper. It says that the bridge problem has a
one-sided asymmetry. The skew sector is responsible for the nonequilibrium correction,
but the quadratic conductance beneath the reduced envelope is controlled entirely by the
dissipative geometry. This is why the later factorisation of the correction is so rigid. The
skew sector enters through a weighted signal map, but the weight itself is fixed by the
detailed-balance backbone.

The rest of Section 3 exploits this asymmetry. The next subsection converts the reduced
envelope into a quadratic representation of the nonequilibrium correction, which in turn
becomes the signal operator governing finite observation.

3.2 Quadraticity of the nonequilibrium correction

We now progress to the central bridge theorem. Proposition 3.1 implies that the reduced
Donsker-Varadhan quadratic envelope is built on the detailed-balance conductance matrix
alone. The skew sector therefore enters only through the reduced current channel. This yields
a quadratic representation of the nonequilibrium correction.

10



To state the result cleanly, recall from Section 2 that the canonical detailed-balance reference
is the Fisher-symmetrised one, with reduced Hessian

Hy=-=G. 3.7

| =

Let J denote the canonical reduced skew channel produced by the reduced-coordinate
envelope construction. The next theorem is the finite-dimensional bridge identity that turns
the fluctuation correction into a weighted signal operator.

Theorem 3.2 (Quadraticity of the DV correction). In the finite-dimensional irreducible
Markov setting of Section 2, the Donsker-Varadhan Hessian decomposes as

Hpy = Ho + Apy, (3.8)
where the nonequilibrium correction is
1 ~
Apy = ZJH(;IYT. (3.9)

Equivalently, Apy is positive semidefinite and is quadratic in the reduced skew channel
with no mixed dissipative-skew term.

Proof. By Proposition 3.1, the second-order reduced envelope has the form

L(x,y)=y"Gy-x"Ky+0(3), K=G+1J. (3.10)
Set .
S:=-G. (3.11)
Then S is positive definite on the reduced space and
L, y)==yISy+xT(S=DNy+03) = =yISy+yI(S+ Nx+0(3), (3.12)
using JT=—-7J. Completing the square in y gives

Lx,y) = —(y - %S_I(S+f)x)TS(y - %S_I(S+f)x) + %xT(erf)Ts—l(erf)x +0(3).

(3.13)
Taking the supremum over y yields
1 -~ -
Ipy(u(x)) = ZxT(S + DISTUS + Dx + O(|x]P). (3.14)
Since JT = 7,
S+DITSHS+DN=(S-DST"(S+N)=85-IS"'T=85+T5"'JT. (3.15)
Therefore !
Ipy(u(x)) = ZxT(S+fS_1jT)x+O(|x|3). (3.16)
By definition of the reduced Hessian,
1
Ipv(p(x)) = 5x" Hpyx + O(Ix ), (3.17)

11



SO

Hpy = %S + %fs—lff. (3.18)
For the detailed-balance reference J = 0, the same reduced envelope gives
Hy=ts=-L&. (3.19)
2 2
Hence H; ' =28~1, and substitution gives
Hpy = Ho + %nglfT : (3.20)
Equivalently,
Apv = Hpy — Hy = %JAH(;IF. (3.21)
The Gram form |
Apy = Z(fH(;”Z)(fHO‘”Z)T (3.22)

implies positive semidefiniteness.

Remark (Orthogonal gauge invariance of the quadratic correction). The identity of
Theorem 3.2 is invariant under orthogonal changes of reduced Euclidean Fisher coordinates.
In particular, the spectrum of Apy, and therefore every envelope, retention, and spectral-
readout quantity derived from it, is coordinate-independent within the reduced Euclidean
Fisher gauge fixed by the paper.

Theorem 3.2 is the point at which the paper changes character. Before this theorem, Apy is
simply the difference between the full Donsker—Varadhan Hessian and its detailed-balance
reference. After this theorem, Apy is an explicit weighted signal operator with algebraic
structure at the level of the quadratic fluctuation correction.

Two immediate consequences are worth recording.

Corollary 3.3 (Positivity and rank control). The nonequilibrium correction Apy is
positive semidefinite. Moreover,

rank(Apy) = rank(f), (3.23)

and the range of Apy is exactly the signal subspace generated by the reduced skew
channel.

Proof. Positivity follows from Theorem 3.2. Since H,, !'is invertible,
rank(JHy ') = rank(J). (3.24)

Now set D := fH&l/z. Then
JH;'JT = DD, (3.25)
and rank(DDT) = rank(D). Hence

rank(fHO‘le ) = rank (7). (3.26)

12



The range statement follows from Apy = DD, since Ran(DDT) = Ran(D).

Corollary 3.4 (Detailed-balance characterisation). The following are equivalent:

1. the generator is detailed-balance in the Fisher normal form, that is, J = 0,
2. the reduced skew channel vanishes, that is, J = 0,

3. the Donsker-Varadhan Hessian equals its detailed-balance reference, that is, Apy =
0.

Proof. The equivalence of the first two statements is by construction of the reduced skew
channel. The equivalence of the second and third follows from Theorem 3.2 and the positive
definiteness of H.

Corollaries 3.3 and 3.4 already show why Apy is the right object for finite observation. It
is the positive fluctuation correction carried by the skew sector and vanishes precisely at
detailed balance.

3.3 Basis transport and the weighted signal operator

The exact quadraticity theorem immediately suggests the right signal object. Since Hj is
positive definite, define

Apy = TH; ', (3.27)

Then |
Apy = 1 ApvALy. (3.28)

This is the weighted signal operator of the paper.

The factorisation is conceptually simple but extremely strong. It says that the nonequilibrium
correction is a covariance-type signal built from the skew channel after whitening by the
detailed-balance Hessian. The dissipative sector therefore enters twice.

First, it provides the detailed-balance backbone Hj. Second, it defines the metric in which
the skew contribution is whitened and measured. At the level of currents and affinities, the
cycle origin of this skew contribution is the same identified in Schnakenberg network theory
and its fluctuation-theorem extension [30, 31].

To put the operator in its most transparent form, we diagonalise the detailed-balance backbone.
Since Hj is real symmetric positive definite, there exists an orthogonal matrix U and positive
eigenvalues

O<pr Spp <+ < fpy (3.29)

such that
Hy = Udiag(uy, ..., ptn-1) UT. (3.30)

In this basis the weighted signal operator is
Apy = U UTTU) diag(u; ', ..o Py UT. (3.31)

Thus the visible nonequilibrium signal is obtained by taking the skew sector in the eigenbasis
of the detailed-balance Hessian and weighting each channel by the inverse square root of the
corresponding detailed-balance stiffness.

13



This observation is the structural source of the stable-rank and envelope theory developed in
Section 4. The relevant quantity is not the raw skew operator by itself. It is the skew operator
after whitening by the detailed-balance geometry.

The factorisation also makes clear how the theory refines the unweighted signal picture. In
the unweighted Euclidean setting, singular-energy retention is attached directly to an input
operator. Here the physically relevant input operator is not 7 alone but its Hessian-whitened
version Apy. The unweighted theory therefore appears as the unweighted shadow of the
final weighted theory.

3.4 Slow observable block and converter structure

We now make precise the slow-block structure that underlies projection suppression and
explains the intrinsic-slow and mixed-return channels.

Fix arank-d observable projector IT and identify its range U = Ran I with the slow observable
sector. For the block formula below we assume that U is Hyp-invariant, equivalently that IT
commutes with Hy. Let U+ denote its orthogonal complement in the reduced Euclidean
space. Relative to the decomposition

R =Ue U, (3.32)
write
Hys 0 T Jss Jsk
Hy = ’ , J = . 3.33
0 ( 0 HO,F) (JFS JFF) (3.33)

The notation § stands for slow or observed, while F stands for fast or hidden. The
block diagonal form of Hj is the content of the Hy-invariance assumption. Since J is
skew-symmetric, its blocks satisfy

Jss=~Jgs.  Jrr=~Jpp.  Jrs=~Jgp. (3.34)

The quadraticity theorem then gives a decomposition of the observed nonequilibrium
correction on such spectral observable sectors.

Theorem 3.5 (Exact block formula on Hy-invariant observed sectors). Assume that
the observable sector U = RanIl is Hy-invariant. With notation as above, the slow
observable block of the nonequilibrium correction is

1
4

1

JssH(i}ngS + !

(Apv)ss = JspHy plép. (3.35)
Equivalently, relative to the chosen Hy-adapted block decomposition U & U*, the
observed correction splits into an intrinsic slow block and a hidden-return block from

the complementary sector.

Proof. Block-decompose the quadraticity formula of Theorem 3.2 relative to the orthogonal
splitting U @ U+. Because U is Hy-invariant, Hy is block diagonal in the chosen basis, hence
sois Hy'. The (S, S)-block of

TH'JT (3.36)
is therefore exactly
TssHy s és + IspHy pJ§p. (3.37)

14



Multiplying by 1/4 gives the result.

Theorem 3.5 is the precise algebraic form of the observed block structure on Hy-adapted
sectors. The invariant observable object is the compressed correction [TIApyI1. Relative to
the chosen Hyp-adapted splitting, the first term is the intrinsic slow correction generated entirely
within the observed sector, while the second term is the hidden return from complementary
directions into the observed sector, weighted by the inverse stiffness of the fast detailed-
balance backbone. For a general non-Hy-invariant projector one still has the compressed
correction [1Apy 11, but not this simple block formula.

This formula is already enough to recover the structural content of projection suppression
under slow-fast structural hypotheses. If the slow skew block is weak and the mixed return
channel is either weak or heavily penalised by a stiff fast backbone, then the observed
correction is small. But now this is no longer a theorem about disappearance under an
external list of assumptions. It is the direct block-level anatomy of the correction.

The converter formula also reveals the correct physical interpretation of the fast backbone. A
large fast detailed-balance stiffness suppresses the mixed return channel because the hidden
sector becomes expensive as a route for observable nonequilibrium correction. This is the
direct finite-dimensional mechanism behind fast-block coercivity.

We record the most basic consequence.

Corollary 3.6 (Fast-block coercive bound). Assume that the fast detailed-balance
block satisfies
Ho,p = url (3.38)

for some up > 0. Then

1 -1 4T 1 T
Z‘ISFHO,FJSF =< 4M_F‘ISF‘]SF‘ (3.39)

In particular, the mixed return channel is suppressed by increasing fast-sector coercivity.

Proof. Since Hy r = url, one has Ha; = ,u;ll. Conjugating by Jsr preserves positive-

semidefinite order and yields the claim.

Corollary 3.6 is intentionally elementary. The point is not to optimise constants here.
The point is to expose the mechanism. The fast hidden sector suppresses observable
nonequilibrium not by magic, but because the bridge weights hidden return channels by the
inverse fast detailed-balance stiffness.

3.5 Interpretation

Section 3 has done the decisive algebraic work of the paper. The nonequilibrium correction
is no longer an abstract difference between two Hessians and no longer a term that is hoped
to be small under assumptions. It is a weighted signal operator carried by the skew channel
and whitened by the detailed-balance backbone.

This changes the logic of the entire theory. Once

1
Apy = 7 ApvApy (3.40)

15



is known, finite observation becomes a problem of signal retention under orthogonal
compression. The observer does not interact directly with the full generator, nor with the
full rate function, but with a positive signal operator whose singular-energy content can be
tracked.

Structural suppression and unweighted comparison can now be re-read from this point of
view. Observable structure collapses to a projected normal form once the nonequilibrium
correction becomes negligible under compression, and the singular-value mechanism behind
optimal retention and rank-limited visibility becomes exact once the bridge theorem identifies
the correct weighted signal operator.

In short, the hidden nonequilibrium structure has become a concrete signal. The next section
turns that signal into the observable envelope, the retention hierarchy, and the stable-rank
complexity invariant that solve the finite observation problem.

In this form the finite-observation anatomy can be read cleanly in four layers. The algebraic
source of the correction is the reduced skew channel J. The signal actually compressed

by finite observation is the backbone-weighted operator Apy = fH(; 12 0n Hy-adapted
observed sectors, the hidden contribution appears explicitly through the mixed return block
4—11]5 FHy ;JgF At fixed observable rank d, the optimally hidden budget is the singular-energy
tail of Apy, while statistical detectability after whitening is governed by a second spectrum

and should not be conflated with raw visible mass.

4 The observable envelope

4.1 Visible nonequilibrium signal of a finite observer

Section 3 identified the nonequilibrium correction as the positive signal operator
1 =~ ~1/2
ADV = Z ADVAgvs ADV = ‘]HO 1/ . (41)

We now solve the finite observation problem for this signal.

Let IT be a rank-d orthogonal projector on the reduced Euclidean Fisher space. The observer
sees only the compression of Apy to the d-dimensional sector U = RanIl. The natural
scalar measure of visible nonequilibrium content is therefore

VEY = w(TApyII). (4.2)

This quantity is the observable nonequilibrium signal retained by II. It is the total projected
singular energy of the DV correction that survives finite observation.

The first theorem of the section shows that Vr[I’ V has an exact projector formula.
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Theorem 4.1 (Exact projector formula for orthogonal observers). For every orthogo-
nal projector 11 on the reduced Euclidean Fisher space,

1
VEY = r(MApyI) = 5 ITApy % (4.3)

Equivalently, the visible nonequilibrium content retained by 11 is the projected Frobenius
energy of the weighted signal operator Apy within the orthogonal-observer class fixed
in this paper.

Proof. Using the exact weighted Gram form from Theorem 3.2,

1
Apy =7 ApvAL,. (4.4)
Hence |
VY = u(ApyIl) = 5 w(14pyahy 1) . 4.5)
Since IT is an orthogonal projector,
tr(HAD\/ASVH) = '[I'((HAD\/)T(HAD\/)) = ”HAD\/”%; (46)

This gives the claimed formula.

Remark (Orthogonal-basis invariance of visible signal). Under an orthogonal change
of reduced Euclidean Fisher basis, Apy — OApy and I1 — OIIO7, the value VPV is
unchanged. Thus the visible signal is an invariant of the orthogonal observer class, not of

a particular coordinate representative.

Theorem 4.1 is the first answer to the finite observation question. Once the bridge has been
closed, the visible nonequilibrium signal of an orthogonal observer is no longer a vague
statement about how much correction survives. It is a projected energy.

This theorem also turns finite observation into an optimisation problem over rank-constrained
subspaces. The next subsection solves that problem.

4.2 Optimal retained signal at fixed observable dimension

Fix an observable dimension d. Among all rank-d orthogonal projectors, some will retain
very little of the DV signal, while others will retain as much as possible. The optimal value
is given by the Ky Fan top-singular-energy envelope of Apy [32, 33].

Let
s1(Apv) =2 s2(Apy) =2 --- > 5,-1(Apy) 20 4.7)

denote the singular values of Apy, counted with multiplicity and extended by zeros if needed.
Define
KDV = sup VRV. (4.8)
rank I1=d
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Theorem 4.2 (Exact weighted Ky Fan envelope for orthogonal rank-d observers).
For each d € {0,1,...,n— 1}, among orthogonal rank-d projectors on the reduced
Euclidean Fisher space,

d
1
kg =7 sk(Apv)’. (49)
k=1

The supremum is attained by the orthogonal projector onto the span of the top d left
singular vectors of Apvy. This is a global optimum over the orthogonal rank-constrained
observer class fixed in the paper.

Proof. By Theorem 4.1,

VRY = 2 IMAby (410

Write the singular value decomposition
Apy = UzVT, 4.11)
where ¥ = diag(sy,...,s,—1). Since left multiplication by an orthogonal matrix pre-

serves projector rank and Frobenius norm, maximising ||ITA Dvllfv over rank-d projectors is
equivalent to maximising ||TIZ||%, where IT = UTTIU is again a rank-d orthogonal projector.

The quantity ||ﬁZ||%7 is the sum of the squares of the singular values weighted by the
diagonal entries selected by the projector. By the Ky Fan maximum principle and its modern
matrix-analytic formulation [32, 33], the maximum is obtained by projecting onto the span
of the first d coordinate directions, giving

U

sup [[MApyl3 = > si(Apy)™. (4.12)
rank [1=d =1

Multiplying by 1/4 yields the result.

Proposition 4.3 (Lipschitz stability of the envelope values). Let A and A’ be positive
semidefinite corrections on the same reduced Euclidean Fisher space, and let K ;(A)
and K4(A") denote the corresponding orthogonal rank-d envelopes. Then for every d,

d
|Ka(A) = Kq(A)] < Z [k (A) = (A < dJ|A = Nl (4.13)
k=1

In particular, the envelope values are stable under operator perturbation.

Proof. By the Ky Fan maximum principle [32, 33], K4(A) = Zle Ak (A) and similarly for
A’. The first inequality is immediate from termwise comparison of the ordered eigenvalue
lists, and the second follows from Weyl’s bound [Ax (A) — Ax(A")] < ||A = Allop.

Theorem 4.2 is the finite-dimensional visibility law at fixed observable rank. It says that the
best possible orthogonal d-dimensional observer captures exactly the top d singular energies
of the weighted signal operator.

This already contains one of the strongest conceptual claims of the paper.

Finite observation is not only a limitation. It has an optimal design.
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There is a best rank-d observer, and that observer is the one aligned with the top singular
front of the weighted signal operator.

Corollary 4.4 (Worst retained signal). Let m = n — 1 be the dimension of the reduced
Euclidean Fisher space, and extend the singular-value list of Apy to length m by zeros.
Then the minimum visible nonequilibrium signal over rank-d orthogonal projectors is

1 m

. pv _ ! 2
inf VPV =2 Z si(Apy)2. (4.14)
k=m—-d+1

In particular, if rank(Apy) < m — d, then the minimum is zero.

Proof. Apply the Ky Fan minimum principle to the positive semidefinite operator Apy, or
equivalently to the squared singular values of Apy padded by zeros to the ambient reduced
dimension m. The worst rank-d projector retains the bottom d singular energies.

Corollary 4.4 will later be useful when we discuss generic observers, bad alignment, and
visibility intervals.

4.3 Retention fraction and hidden fraction

The envelope determines not only the best retained amount, but also the fraction of the total
signal that survives at observable dimension d.

Define the total nonequilibrium signal by
1
KoY = u(Apv) = 7 Ayl (4.15)

For each d, define the retention fraction

KRV

DV . _

7 = v (4.16)
tot

whenever Apy # 0. Then
DV _ Zgzl sk(ADV)2

= Sk= . 4.17)
I sk(Apy)?
The complementary hidden fraction is
A 2
- bV = 2ik>d Sk(Apv) 4.18)

Yilsi(Apy)?

19



Corollary 4.5 (Exact retention and hidden fractions for the optimal orthogonal

rank-d envelope). Assume Apy # 0. Then for every observable dimension d,

oPV = Sy sk(Apy)? |- PV = Yksa Sk(Apy)?

d = _ 4 d — .
Yo sk(Apy)? il sk(Apy)?

In particular, the hidden nonequilibrium content is the singular-energy tail of the
weighted signal operator.

4.19)

KDV

Proof. This is immediate from Theorem 4.2 and the definition of K"

Theorem 4.5 is one of the real pivots of the paper. It says that finite observation of
nonequilibrium is a cumulative singular-value problem. The visible share is the cumulative
front. The hidden share is the tail.

This is what allows the paper to speak in precise terms about spectral bottlenecks, observer
budgets, and the anatomy of hidden irreversibility. The retention fraction is not a rough
fraction of “how much nonequilibrium is left”. It is the fraction of the weighted DV signal
retained by the best rank-d observer.

4.4 Weighted stable rank as the complexity invariant

The retention hierarchy of Theorem 4.5 gives rise to the natural complexity invariant of the
paper.

Definition 4.6 (Weighted stable rank). The weighted stable rank of the nonequilibrium
signal is

lApv I3 _ Sl sk(Apy)?
lApvIIZ, s1(Apv)?

st(Apy) = , (4.20)

for nonzero Apy.

This is the stable-rank or numerical-rank functional applied to the weighted signal operator in
the geometry [34]. This quantity is the effective dimensionality of the weighted nonequilibrium
signal. It measures how many singular directions are genuinely carrying signal, after weighting
by the detailed-balance geometry.

If Apy =0, then Apy = 0, every envelope value K2V vanishes, and the finite-observation
problem is trivial because there is no nonequilibrium signal to retain.

A low stable rank means that the nonequilibrium correction is concentrated. A small number
of observable directions can recover a large fraction of it. A high stable rank means that the
correction is diffuse and spread across many directions. In that case, finite observers are
forced to miss most of the signal unless their rank is correspondingly large.

The next theorem makes this precise.
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Theorem 4.7 (Stable-rank obstruction). Assume Apy # 0. Then for every d,

d
PV <« —— 4.21
4 = sr(Apy) “-21)

Equivalently, to retain at least fraction n of the nonequilibrium signal, any observer

must satisfy
d>nst(Apy). (4.22)

Proof. By definition of stable rank,

Srolsk(Apy)?

s1(Apy)? = (4.23)
1(Apv) S (Apy)
Since the singular values are non-increasing,
d
Z sk(Apv)* < dsi(Apy)>. (4.24)
k=1
Therefore 4 s
_1 k(A dsi(Apvy)? d
oLV = 2y=1 5k(Apv) . _dsi(Apv)” 4.25)

oyl si(Apy)? T Szl si(Apy)? st(Apy)

Rearranging gives the necessary rank condition for retaining at least fraction 7.

Theorem 4.7 is the scalar obstruction governing finite observation. It is the reason weighted
stable rank deserves to be called a nonequilibrium complexity invariant. It is the single
number that turns the whole envelope hierarchy into a first-order visibility law.

The significance of this should be emphasised. The literature on partial observation often
organises itself around estimator performance, signal-to-noise ratio, missing transitions,
or lower bounds on hidden entropy production. Those are all useful, but they do not by
themselves say what the intrinsic dimensional difficulty of the nonequilibrium signal is. The
weighted stable rank does.

4.5 Sharp consequences

The envelope and stable-rank law immediately give several structural consequences in finite
dimensions.

Corollary 4.8 (Observability criterion). Assume Apy # 0. Then the following are
equivalent for a given observable dimension d:

1. there exists a rank-d observer that sees the entire nonequilibrium signal,
2. o0V =1,
3. d >rank(Apy).

Proof. The equality @g V' = 1 means that all nonzero singular energies are contained in the
first d modes, which is equivalent to d > rank(Apy ). In that case, projection onto the span
of all left singular vectors with nonzero singular value retains the entire signal.
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Corollary 4.9 (Blind-observer threshold). Let

r :=rank(Apy) = rank(Apy). (4.26)
Then a rank-d observer can be completely blind to the nonequilibrium correction,
meaning
VPV =0, (4.27)
if and only if
d<(n-1)-r. (4.28)

Equivalently, a d-dimensional blind observer exists if and only if the observable sector
can be placed entirely inside ker(Apy).

Proof. By Corollary 4.4 and the visibility interval,

n—1

. DV _

inf VPV = Z ™, (4.29)
k=(n-1)-d+1

where 7 are the eigenvalues of Apy in nonincreasing order, padded by zeros. This minimum
vanishes if and only if the bottom d eigenvalues are zero, which is equivalent to

d <dimker(Apy)=(n—-1) —r. (4.30)

Corollary 4.10 (One-mode visibility). Assume Apy # 0. Then the maximal rank-one
visible fraction is

1
PV - —— 431
: st(Apy) 31

Thus the inverse stable rank is the best one-mode visibility of the nonequilibrium signal.

Proof. By definition,
DV _ s1(Apv)? _ 1
: Srzlsk(Apy)r  st(Apy)

4.32)

Corollary 4.10 gives perhaps the most immediate interpretation of the weighted stable rank.
It tells us how visible the nonequilibrium signal is to the best possible one-dimensional
observer.

Corollary 4.11 (Envelope monotonicity and concavity). The sequence d — K2V is
non-decreasing and discretely concave:

KDY - KDV <KDV -KDY. (4.33)

Equivalently, the marginal gain from increasing the observer dimension decreases
monotonically with rank.
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Proof. This follows immediately from the representation

d

1
KPV = — § Apv)? 4.34
" 2 k:lSk( pv)°s (4.34)

since the increments are the non-increasing sequence %sd (Apv)>.

Corollary 4.11 has a useful interpretation. The first few observable directions are the
most valuable. Beyond that, one enters the diminishing-returns regime governed by the
singular-energy tail.

We also note the residual form.

Corollary 4.12 (Optimal hidden tail). The minimal hidden nonequilibrium signal
after the best rank-d observation is

1
KoY~ K7V =7 ) se(Apy)’. (4.35)
k>d

Proof. Subtract the envelope from the total signal.

Corollary 4.12 shows that finite observation has an optimal truncation error. This will later
become the basis of the spectroscopy theorem.

Proposition 4.13 (Equality in the stable-rank obstruction). Assume Apy # 0, and let

ay = Sk(ADV)Z, arzayz---=0. (4.36)

Then 4
PV < —— 437
4= S(Apy) (437

is an equality if and only if
ay=day =---=4dq. (4.38)

The analogous statement holds for the detectability retained fraction after replacing
Apy by Cpy := Hy'*TH, ',

Proof. Since

n-1
_,a
st(Apy) = 2L (4.39)
ay
the stable-rank bound is equivalent to
d
Zak <da. (4.40)
k=1
Equality holds if and only if a; = --- = a4. The detectability statement is identical after

replacing the raw signal operator by the backbone-whitened signal operator.
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4.6 Comparison with unweighted signal geometry

A prior unweighted analysis of rank-limited visibility in a Euclidean setting did not yet
include the Donsker-Varadhan bridge or the Hessian whitening. The theory contains that
picture as an unweighted shadow.

The point is simple. In the final weighted theory, the physically relevant signal is
Apy =TH'?, (4.41)

not J by itself. The role of the unweighted Euclidean hierarchy is therefore to capture the
same signal-retention geometry before the dissipative weighting is inserted. Once the bridge
is known, the correct signal is no longer the raw skew channel but the skew channel whitened
by the detailed-balance Hessian.

This relationship can be quantified directly. Let

Mmin = Amin(Hp), Mmax = Amax(Ho). (4.42)
Since
Ui 2 Hy' 2 p 1 (4.43)
one obtains the operator inequalities
1 1
JIT < Apy = JIT. (4.44)
4 fmax 4 timin

Consequently, if Kd(f ) denotes the unweighted rank-d envelope attached to 7, then

Kq(J). (4.45)

~ 1
Kq(J) <KDV < 1

4 max min

Proposition 4.14 (Comparison with the unweighted envelope). The weighted DV
envelope is sandwiched between the old unweighted skew envelope scaled by the spectral
window of the detailed-balance Hessian:

- 1 —~
Ka(J) <KDV < Kq(J). (4.46)
4/1max 4 min
Proof. From
ApvAL, = TH'TT (4.47)

and the positive-semidefinite order bounds on H:!, one gets

o JIT 2 Apy AL <l JIT (4.48)

I’[ max

Multiplying by 1/4 gives the corresponding comparison for Apy . Taking the optimal rank-d
compressed traces on both sides yields the stated envelope bounds.

Proposition 4.14 is important for the internal logic of the theory. It shows that the unweighted
Euclidean envelope is the unwhitened skeleton of the final weighted signal geometry, and it
quantifies its precise relationship to the full theory.
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At this point the finite observation problem has been solved at the level of retained amount,
retained fraction, and complexity obstruction. The next section turns to the geometry of
observer quality. Visible nonequilibrium becomes a question of alignment between the
observer and the singular directions of the weighted signal operator.

5 Alignment, optimal observers, and generic observers

5.1 The alignment theorem

Section 4 solved the rank-constrained visibility problem at the level of optimal retained signal.
We now refine that result by identifying the geometric mechanism behind observer quality.

Let

r

Apy =) scuvy, (5.1)
k=1

be a singular value decomposition of the weighted signal operator, where
S| =82 285>0 (5.2)

are the nonzero singular values, the vectors uy form an orthonormal family of left singular
directions in the reduced Euclidean Fisher space, and the vectors v form an orthonormal
family of right singular directions. The finite observation problem concerns how a rank-
constrained projector IT couples to the left singular directions {uy }, since these are the visible
directions of the positive signal operator

1
Apy = ZADVAEV. (5.3)

The answer is given by the following theorem.

Theorem 5.1 (Alignment theorem for orthogonal observers). For every orthogonal
projector 11,

1 r
VEY =2 D si(Apy)? [Tl (5.4)
k=1

Equivalently, the visible nonequilibrium signal retained by 11 is a weighted alignment
score between the observer and the left singular directions of the weighted signal
operator.

Proof. Starting from the projector formula of Theorem 4.1,
1
VitV = 7 IMApvlI. (5:5)

Insert the singular value decomposition:

r

MApy = ) s (Mug)vy. (5.6)
k=1
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Since the vy form an orthonormal family, the Frobenius norm squares add:

r

ITTADy I3 = > st Mg, (5.7)
k=1

Multiplying by 1/4 gives the claim.

Remark (Degeneracy gauge in the alignment theorem). If the singular spectrum of Apy
has degeneracies, the left singular directions are defined only up to orthogonal rotation
inside each degenerate singular subspace. The theorem should therefore be read at that
gauge-covariant level.

Theorem 5.1 is one of the central structural identities of the paper. It shows that visible
nonequilibrium is not determined by rank alone. Rank fixes the size of the observer, but the
actual retained signal is controlled by how the observer aligns with the singular-energy front
of A DV.

This point deserves emphasis. A poor observer need not be too small; it can be misaligned.
A coarse observer can outperform a finer one if it captures a larger weighted overlap with the
dominant singular directions. In the language of the partial-observation literature, observer
geometry matters as much as observer size [6-8, 13, 35].

The alignment theorem also makes the finite-observation picture more precise. The singular
values s (A py)? measure the available signal energy in each mode, while the factors || TTug||?
measure the observer’s access to those modes. The visible nonequilibrium signal is the
product of these two ingredients, summed over modes.

5.2 Optimal observer design

The Ky Fan envelope theorem already identified the maximal retained signal at fixed rank.
We now restate that result in the language of observer design. This is an immediate design
corollary of the envelope law and the alignment formula, and it is central to the final paper.

Corollary 5.2 (Optimal orthogonal rank-d observer). Fix an observable dimension d.

Let
U} = spanf{uy, ..., ug}, (5.8)
whereuy, . .., uq are the top d left singular directions of Apy. Let IT, be the orthogonal
projector onto U;. Then
VRV =KDV, (5.9)
d

and IT}, is an optimal rank-d observer.

If the singular value s4(Apy) is strictly larger than s4.1(Apvy), then U}, is uniquely
determined. More generally, let o, := sq(Apy). Every optimal orthogonal rank-d
observer must contain the full direct sum of left-singular eigenspaces with singular
value strictly larger than o, and the remaining dimension may be chosen arbitrarily
inside the eigenspace for o.. This is the only freedom coming from degeneracy.
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Proof. By Theorem 4.2, the optimal retained signal at rank d is

d
1
KDV = - Apy)*. 5.10
p 2 ;Sk( DV) (5.10)
For the projector IT;, one has
" ug, 1<k<d,
IT = A1
altk {o, k>d .11

when there is no degeneracy across the d-th cutoff, and the alignment theorem then gives
1 &
DV _ 2 : 2 _ gDV
ani = Z £ Sk(ADV) = Kd . (512)

The uniqueness statement is standard from the Ky Fan maximum principle [32, 33]. If the
cutoff singular value is isolated, the top d-dimensional left singular subspace is unique. If
there is degeneracy, any choice of d-dimensional subspace inside the top singular block is
optimal.

Corollary 5.2 upgrades the finite-observation problem from estimation to design. It identifies
the best orthogonal finite observer for nonequilibrium detection in the Gaussian fluctuation
setting.

Most recent work asks how much irreversibility can be inferred from a given partial observation
scheme [5-7, 13, 35]. The corollary answers the stronger question within the orthogonal
rank-constrained class: for a fixed observational budget d, which observable sector retains
the most nonequilibrium signal? The answer is at the level of optimal value, and unique at
the subspace level only when the cutoff spectral gap is open.

Corollary 4.4 gives the complementary minimum retained signal at fixed rank. Finite
observation therefore comes with both a best observer and a worst observer, and the spread
between them is the first visibility interval for the DV correction.

Remark (Gap-dependent subspace stability). The optimal value is stable under perturbation
by Proposition 4.3, but the optimal subspace is stable only when the cutoff spectral gap
sqa(Apv) — sa+1(Apy) is positive. In the gapless case the optimal value remains stable,
while the optimal d-plane need not be unique.

5.3 Worst-case and generic observation

The best and worst rank-d observers define the two extremes of finite observation at fixed
observable dimension. Between those extremes lies the generic case. We now identify the
natural baseline for generic observation.

Let
m:=n-1 (5.13)

be the dimension of the reduced Euclidean Fisher space. A rank-d orthogonal projector I1
is called Haar-random if its range is distributed uniformly on the Grassmannian Gr(d, m).
Such a projector is the natural model for an unstructured observer of dimension d.
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The following proposition gives the generic baseline in expectation.

Proposition 5.3 (Haar-random orthogonal-observer baseline in expectation). Let I1
be Haar-random among rank-d orthogonal projectors on the m-dimensional reduced
Euclidean Fisher space. Then

d
E[I] = —1, (5.14)
m
and therefore
pvi_4d .py_4dl 2
E[Vp']= ZKtot = Z”ADV”F- (5.15)
Equivalently, the expected retained fraction of a random rank-d observer is exactly
DV
4 (5.16)
Kol m
Moreover, for each singular direction uy,
2 d
E[IMutx [|7] = —. (5.17)
m

Proof. By orthogonal invariance of the Haar measure on the Grassmannian, E[IT] commutes
with every orthogonal transformation of R™. Therefore E[I1] = ¢/ for some scalar c¢. Taking
traces gives

cm = tr(E[IT]) = E[tr(IT)] = d, (5.18)
so ¢ = d/m. Hence
E[IT] = %1. (5.19)

Using the projector formula from Theorem 4.1,

1 1
E[Vi"] = 7 Elr(TApyALy)] = 7 o(E[I]ApyApy). (5.20)
Substituting E[I1] = %I gives
1d d
E[VI?V] = Z E tr(Avagv) = Z thv. (521)

Dividing by K2V yields the expected retained fraction. Finally, since
I Tuee||* = wj Tug, (5.22)
one has 4 4
E[IMuxl*] = ug E[Mug = —lug]* = —. (5.23)
m m

Proposition 5.3 gives the generic visibility benchmark in expectation. A random rank-d
observer retains a fraction d/m on average. That number is purely geometric. It does not
depend on the particular generator or the singular spectrum of Apy. It is the baseline
visibility of unstructured finite observation. No concentration or high-probability claim is
being made here.
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This baseline will be central for interpretation. If an actual observer performs only at the d/m
level, then it is no better than random geometry. If it performs substantially above that level,
then it is aligned with the singular-energy front of the signal. If it performs substantially
below the optimum, then there is room for observer redesign.

The literature has already encountered phenomena of this type indirectly. In coarse-graining
and milestoning studies, some observation maps outperform others in ways that can seem
paradoxical if one thinks only in terms of “more information” versus “less information” [13].
The random-observer baseline clarifies the structural issue: generic observation has a fixed
geometric retention level, and exceptional performance reflects alignment rather than raw
resolution.

5.4 Alignment gain

The optimal retained fraction from Section 4 and the random-observer baseline from
Theorem 5.3 together define the central quality measure of finite observation.

Definition 5.4 (Alignment gain). Assume Apy # 0. For observable dimension d,
define the alignment gain
oDV
Ag = ———. 5.24
iy (5.24)
Equivalently,
d 2
_ Sk(A
Ag = m M' (5.25)
d Zkzl sk(Apv)

Thus A, measures how much better the optimal rank-d observer is than a generic rank-d
observer. It is the multiplicative benefit of observer design over random finite observation.

The first basic bounds are immediate.

Proposition 5.5 (Alignment-gain bounds). Assume Apy # 0. Then for every

observable dimension d,
m

st(Apv)
In particular, the optimal observer always performs at least as well as the random

baseline, and the maximal possible advantage is controlled by the inverse weighted
complexity of the signal.

1 <Ay < (5.26)

Proof. For the lower bound, let
ar =sk(Apy):, a1 zar=--->am,>0. (5.27)

Then the average of the top d terms is at least the average of all m terms:

1 ¢ 1 &
EZak > aZak. (5.28)

Rearranging gives

, (5.29)



that is,
d

o)V > —. (5.30)
m
Hence Ay > 1.
For the upper bound, Theorem 4.7 gives
d
oY < ———. 5.31
T = S(Apy) 3D
Dividing by d/m yields
m
Ag £ ————. 5.32
= SApy) 032

Proposition 5.5 shows that alignment gain is a true quality measure. It is always at least one,
because design can never be worse than random choice on average. It is large when the signal
is concentrated and therefore strongly rewardable by alignment. It collapses toward one when
the signal is diffuse and therefore little is gained by design over generic observation.

This gives another interpretation of weighted stable rank. A high stable-rank signal is not
only difficult to see. It is also difficult to exploit by observer design. There is little alignment
advantage available because the signal is spread broadly. A low stable-rank signal offers both
strong visibility and large design gains.

It is also useful to record the rank-one case.

Corollary 5.6 (Rank-one alignment gain). Assume Apy # 0. Ford =1,

m
st(Apy)

Thus the one-dimensional design gain is the ambient reduced dimension divided by the
weighted stable rank of the signal.

A= (5.33)

Proof. By Corollary 4.10,

1
[ A — 34
U S(ADy) (>34

Since the random baseline at rank one is 1/m, the claim follows immediately.

Corollary 5.6 is especially sharp. It says that the whole one-mode design problem collapses
to a single ratio: ambient reduced dimension divided by weighted stable rank.

5.5 Interpretation for the literature

The results of this section explain something that has remained somewhat implicit in the
recent partial-observation literature. Many papers study finite resolution, hidden transitions,
unresolved events, faulty coarse graining, or partial access, and ask why some observation
schemes detect irreversibility better than others [5—8, 13]. The usual language is framed in
terms of better estimators, lower bounds, waiting-time information, or resolution trade-offs.
Those are real and important. But they do not yet isolate the geometric core.
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The theory says that the core issue is alignment with the weighted signal operator. A
coarse-graining can outperform a finer observation if it is better aligned with the dominant
left singular directions of Apy. Conversely, increasing raw observational resolution may
fail to help if the additional directions do not couple strongly to the singular front of the
nonequilibrium signal. In that sense, the relevant distinction is not simply “coarse” versus
“fine”. It is “aligned” versus “misaligned”.

This perspective also clarifies the meaning of generic observation. Absent design or structural
knowledge, a rank-d observer retains on average only the baseline fraction d/m. Anything
above that reflects nontrivial alignment. The gap between ®2Y and d/m is therefore not
just a mathematical curiosity. It quantifies the advantage of informed observation over blind
compression.

The section also changes the status of the finite observation programme itself. Up to this point,
one could read the theory mainly as a structural suppression law. After the alignment theorem
and the random-observer baseline, that is no longer adequate. The theory has become a
design theory. It tells us not only what finite observers lose, but which finite observers are
best, how much better they are than generic observers, and what geometric property of the
signal makes that possible.

The next section introduces the shadow operator, which compares the visible nonequi-
librium correction with the projected detailed-balance backbone and yields the Gaussian
distinguishability theory.

6 The shadow operator and Gaussian distinguishability

6.1 Projected backbone and projected correction

Sections 3 and 4 identified the weighted nonequilibrium signal and solved the rank-constrained
visibility problem. What remains is to turn that visibility law into a statistical statement about
what a finite observer can and cannot distinguish.

Fix a rank-d orthogonal projector I on the reduced Euclidean Fisher space, and let
U := Ranll. 6.1)

The observed detailed-balance backbone is the compression of Hy to U, while the observed
nonequilibrium correction is the compression of Apy to the same sector. Concretely, define

B = HHonlU, Eq = HAD\/Hly. (6.2)
The observed Donsker-Varadhan Hessian is therefore

Hy :=TI(Hy + Apy)T|y = By + Exn. (6.3)

Since Hj is positive definite on the full reduced space, its restriction to any nonzero
subspace is positive definite. Thus By is positive definite on U. Since Apy is positive
semidefinite by Theorem 3.2, its compression Efj is positive semidefinite on U. The observed
nonequilibrium law therefore differs from the observed detailed-balance law by a positive
fluctuation correction on the same finite-dimensional observable sector.

This is the correct starting point for the equilibrium-shadow theorem. The question is not
simply whether Eyj is small in an absolute sense. The real question is how large it is relative
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to the observed detailed-balance backbone Bry. That relative object is introduced next.

6.2 The shadow operator

The observed nonequilibrium correction should be compared to the observed detailed-balance
backbone in the natural backbone metric. This leads to the central operator of the section.

Definition 6.1 (Shadow operator). The shadow operator associated with the observer
Il is
Sn := By'*EnBy'"?. (6.4)

The shadow operator is positive semidefinite on U, and it is the observable measure of
nonequilibrium fluctuation strength after normalising by the detailed-balance backbone. It is
therefore the correct mathematical form of the equilibrium shadow.

Proposition 6.2 (Backbone factorisation). For every rank-d orthogonal projector I,
Hn = B]/*(I+Su)B}/”. (6.5)

In particular, the observed nonequilibrium Hessian is a positive perturbation of the
observed detailed-balance Hessian by the shadow operator.

Proof. By definition,

En = B/*SuB//”. (6.6)
Therefore
Hn = B + En = By + By *SuB|/* = B> (1 + Su)Bj}|>. 6.7)

Proposition 6.2 is the algebraic form of the shadow picture. The observed nonequilibrium
fluctuation law is obtained from the observed detailed-balance backbone by inserting the
positive dimensionless perturbation Sryy.

We next connect this to Gaussian fluctuation laws.

6.3 Exact observed Gaussian laws

Throughout Sections 6 and 8, the observed Gaussian law on U means the centred Gaussian
law defined by the compressed quadratic fluctuation form on U, with precision By in the
detailed-balance case and Hy; = By + Eqy in the nonequilibrium case. This is the observation
model fixed by the paper. It is not, unless explicitly stated otherwise, a theorem about
arbitrary nonlinear measurement marginals or full path-space observations.

At the quadratic fluctuation level, the observed detailed-balance and observed nonequilibrium
laws on U are centred Gaussian measures with precisions

Hppn = B, HyEgssn = Hn = Bn + Enn. (6.8)
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Their covariance operators are therefore

Ypgn = By, Ynyess.n = Hy'. (6.9)
Using Proposition 6.2, the nonequilibrium covariance can be written as

-1/2

XNESS, T = Bﬁl/z(l +Sn) "' By, (6.10)

Thus every Gaussian distinguishability quantity on the observed sector is a spectral function
of the shadow operator. This is the decisive statistical simplification. The observed detailed-
balance backbone has been factored out completely, and the remaining difference between
the two observable Gaussian laws is encoded entirely by Syy.

We now write the principal divergences explicitly. Throughout, total variation is defined by
TV(P,Q) := 1||1P - Qlli, 6.11)

and the squared Hellinger distance is defined by

2 1 [ .jdrdQ
H2(P,0Q) =1 / T (6.12)

for any common dominating measure A.

Theorem 6.3 (Exact Gaussian comparison formulas). Let 11, . .., A4 be the eigenval-
ues of St1. Then the reverse Kullback-Leibler divergence is

d
1
Dk (Npgu | NNess,n) = 3 Z(/li —log(1 + /li)), (6.13)
i=1
and the forward Kullback-Leibler divergence is
1 A
Dgr (N N, == > [log(1+24;)-——|. 6.14
kL (Nvessi | Npg.n) 2;(02{( i) 1+/li) (6.14)
Moreover, the squared Hellinger distance is
det(I + Sp)/*
2 S i Sl et L
H*(Npp,n, Nnessn) = 1 det(l + %Sn)l/z' (6.15)
Proof. For centred Gaussian laws with covariances X1, X,
1 _ _
D (N(0.Z) IN(0.%0)) = 5 [tr(zo 1%)) — d — log det(%; 121)]. (6.16)
Take 2 = 2pB.II = Bl:I] and Xy = XNESS.IT = Hﬁl. Then
£;'% = HnBg' = B> (1 + su)B;;'%, (6.17)
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so its eigenvalues are 1 + A;. Hence

Dk (Npsn | NnEss.i)

Zd:((l +4;) — 1 —log(l +/li)), (6.18)

l\.)lr—‘

which simplifies to the first formula.

For the forward divergence, take X = Xygss.m and Zo = Zpp . Then
2;'%1 = BuHy' = BY*(1+ Sn) "' B;'/?, (6.19)

whose eigenvalues are (1 + 1;)~!. Substituting into the Gaussian KL formula yields

Dk (Nness, | Npg.n) =5 Z ( (6.20)
since 1 1
—1=-Z 6.21
1+ 4; 1+ 4; ( )
This is the stated expression.
For the Hellinger distance, the standard centred-Gaussian formula gives
det(Z /4 det(Z 1/4
o2 (Zpp,m) /" det( NESS,H?/Z 6.22)
det(%(EDB,H + 2NESS,H))
Using
_ p-1 1/2 1 —1/2
Xppn =By, INEss;q1 = By "I +8n)” By (6.23)

one computes

det(Zpp 1) = det(Bp) !, det(Zngss.mn) = det(Bpy) ' det(1 + Spp) ™, (6.24)

and
1 _ _ _
Lo+ Znessm) = By (5 0+ (45m)7™))Bal P = By A1+ Asmy 1+ 5m) 7B
(6.25)
Therefore
det[ L (x s det(B -y detll + 55m) 6.26
t| = + = det _ .
e 2( pB.I + ZNESS,IT) et(Bn) det7 + S (6.26)
so the common Bpy-factor cancels and one obtains
det(! + Spp)'/*
|- g = g+ Sn) (6.27)

det( + 15m)1/2

This gives the claimed expression.

Theorem 6.3 is the precise statistical content of the shadow construction. Every local
centred-Gaussian distinguishability quantity between the observed detailed-balance law and
the observed nonequilibrium law is an explicit function of the eigenvalues of Spj.

This complements the current literature on partial observation, which largely provides lower
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bounds, estimators, or observation-dependent thermodynamic laws [5-8, 13, 19]. Here the
Gaussian visibility problem is solved in closed finite-dimensional form once the DV signal is

written in the appropriate weighted coordinates.

6.4 Distinguishability package

The formulas of Theorem 6.3 immediately imply a collection of sharp and simple bounds.
These are the estimates that turn the shadow operator into a practical observable criterion.

Proposition 6.4 (KL and total-variation bounds). For every observer I1,

1
Dk (Nps.i | NNessi) < I 1Sl

Consequently,

1
V(Nps,n Nvess,n) < —— ISullF-

22

For equal priors, the optimal Bayes classification error satisfies

—= ISull#-
\/_

Proof. Consider the scalar function

/12
fQ) ———/1+10g(1+/l) A= 0.

Then

1 A2
"WA=1-14+ — =
F@ 1+4 1+24

and f(0) = 0. Hence f(1) > 0, or equivalently,

>0,

/12
—log(1+/l)§7 forall 2 > 0.

Applying this estimate termwise in Theorem 6.3 gives

S 1
Z = ISull7.
i=1

l\)l'—‘

Dk (Nps,u | NNEss.t)

Pinsker’s inequality then yields

1
V(Nps,m Nness,in) < \/2 Dgr(Npe I Nvess,) € ——= IISullF.

\/_

For equal priors, the optimal Bayes error satisfies

. 1-TV
Pi=——.
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so the total-variation bound gives the stated lower bound.

Proposition 6.4 shows that the shadow operator is not just a formal factorisation device. Its
Frobenius norm directly controls statistical distinguishability at the Gaussian level.

We next bound the shadow operator in terms of the visible envelope and the observed
backbone scale.

Proposition 6.5 (Backbone-normalised visibility bound). For every observer I1,
DV DV
ISnllop € —2—.  [ISullF £ —2—. (6.37)
op /lmin(Bl'I) 4 /lmin(Bl'I)
In particular,
KDY KDV
S < ——, S < —. (6.38)
ISllop 1B ISnll 7 B
Proof. Since Sy = By,'*EnBy'/?,
~1/2,2 lEnllop
Stllop < ||B Enllop, = ——. 6.39
ISullop < 1By "“ll5p IEDllop A (Br) (6.39)
Because Efpj is positive semidefinite,
HEH”op < tr(EH) = V[?V~ (640)
Thus
vEY
ISullop < ———. (6.41)
or /lmin(Bl'I)
Similarly,
- Enllr
Sulle < 1BZV212 1En|ly < —E0lE 6.42
ISulle < 1185215, 1Enlle < 5 =15 (6.42)
Again Eq; > 0, hence
I|EnllF < te(En) = VY, (6.43)
which gives
DV
ISnllF < —2—. (6.44)
d /lmin(Bl'I)

Since VYV < KDV, the final bounds follow.

Proposition 6.5 is the missing link between the finite-observation envelope and the statistical
shadow criterion. The visible envelope by itself is not enough to guarantee indistinguishability.
What matters is the visible envelope relative to the observed detailed-balance backbone.

The correction is visible only through the ratio
DV
K
Amin (B H)

This is the backbone-normalised observation budget. It is the quantity that turns retained
signal into statistical closeness.

(6.45)
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6.5 The equilibrium shadow criterion

We can now progress to the paper’s main statistical theorem in its final form.

Theorem 6.6 (Gaussian equilibrium-shadow criterion). Let I1 be a rank-d observer
and let Sty be its shadow operator. Then the observed nonequilibrium and observed
detailed-balance Gaussian laws are exactly identical if and only if Sp = 0.

More generally, if
On := [ISullop < &, (6.46)
then

d &*
Dkr(Npsn | NNess,i) € —, (6.47)

Vd &
2

N

V(NpB,it: Nvess, i) < , (6.43)

S

and

1_Vde
2 42

(6.49)

If

—— < (6.50)
mm(BH)

for some € > 0, then the compressed Gaussian fluctuation law is quantitatively close to

the corresponding detailed-balance Gaussian fluctuation law, with bounds given above

in terms of . This is a statement about observed quadratic-Gaussian statistics, not

about the full microscopic dynamics.

Proof. The identification follows from Proposition 6.2. Since By is positive definite,

Hhn=Bp & En=0 < Sp=0. (6.51)

Now assume ||Stillop, < &. Since Sy > 0, all eigenvalues satisfy 0 < 4; < &. From
Theorem 6.3,

d
1
Dk (Nps.n | NNess.in) =3 Z(/li —log(1 + /11'))- (6.52)
i=1
Using A —log(1 + 1) < A2/2, we obtain
d d
1 /l 1 g2
Dkr(Npn | NNEss,i) 5 Z > < 3 Z 5= (6.53)
i=1 i=1

Pinsker then gives

=

(6.54)

/1
TV < 4/=Dgk <
2 2

The Bayes error bound follows as in Proposition 6.4.

ﬁl.
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Finally, Proposition 6.5 yields
KDV

S
/lmin(BH) '
Thus small backbone-normalised visible envelope implies small ®p, and hence small
divergence and small total variation.

On < (6.55)

Theorem 6.6 is the rigorous form of the equilibrium-shadow principle. Within the compressed
quadratic-Gaussian regime, finite orthogonal observation can erase visible nonequilibrium
detail and leave only an equilibrium-shaped backbone. The theorem makes that precise.

There are two ingredients. Firstly, the visible nonequilibrium budget, controlled by the
envelope Kg V. The second is the observed backbone stiffness, controlled by Amin(Br).
The shadow criterion says that equilibrium-shaped observation emerges when the visible
nonequilibrium budget is small relative to the stiffness of the observed detailed-balance

backbone.

This corrects a point that would otherwise remain too loose. The inequality
d < SI‘(AD\/) (656)

controls how much of the total nonequilibrium signal can be retained. It does not by itself
imply statistical indistinguishability from detailed balance. The shadow theorem identifies
the missing ingredient, namely the backbone scale.

6.6 Backbone-whitened detectability geometry

The shadow criterion identifies the correct backbone-normalised observable quantity, but it
also admits a second spectral reformulation. Define the backbone-whitened operator

- - 1 _ 12—
T:=Hy'ApyHy'? = £ CovChy.  Cpy = Hy PApy = Hy PTH; . (6.57)
This operator encodes detectability relative to the detailed-balance backbone rather than raw
visible signal. In general its spectral order need not coincide with the spectral order of Apy,
except in commuting or isotropic-backbone regimes treated later.
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Theorem 6.7 (Backbone-whitened detectability equivalence). Let U C V be a d-
dimensional observable subspace, and let Q € R"=Dxd pove orthonormal columns
spanning U. Define

Su = (Q"Ho0)™'*0" Apv (0" Ho@)™'? (6.58)
and o
Yu = Hy?Q(Q"Ho) ™', (6.59)
Then
Yy =14  Sy=Y.TYy. (6.60)
Hence 1
tr(Sv) = tr(Pw, T) = Zl1Pw, Cov T (6.61)

where Wy = Ran(Yy) and Pwy, is the Euclidean orthogonal projector onto Wy.

Conversely, every Euclidean d-plane W C V arises as W = H(l)/zU for a unique
observable d-plane U.

Proof. Direct computation gives

YiYu = (Q"HoQ) ™' Q" HoQ(Q" HoQ) ™' = 1, (6.62)
and
Y(TYy = (Q"HoQ) ™' 20" ApyQ(Q" HoQ) ™"/ = Su. (6.63)
For the converse, let W c V be any Euclidean d-plane and let Y have orthonormal columns
spanning W. Set Z := H(;l/zY, and define
R VAVAVA RS (6.64)

Then Q7Q = 1,4, so U := Ran(Q) is an observable d-plane. Moreover,
Q"HoQ = (Z"2)",  Hy?Q(Q"Hy0)™? =, (6.65)
so indeed W = Wy,.
Remark (Detectability versus raw visibility). Theorem 6.7 is a bijection between observable
d-planes and whitened Euclidean d-planes. Itis not a statement about arbitrary observation
channels. Detectability here is defined relative to Hy-normalised quadratic compression

and should not be conflated with raw visible signal unless additional commuting or
isotropic-backbone structure is imposed.

Theorem 6.7 shows that the backbone-normalised detectability problem is itself an Ky Fan
problem, now for the whitened signal Cpy rather than the raw visible signal Apy.
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Corollary 6.8 (Exact detectability envelope). Let
601>260,>--->26,_1>20 (6.66)

be the eigenvalues of T, equivalently

1
0 = 75k(Cpv)”. (6.67)
Define
Qg4 := sup tr(Sy). (6.68)
dimU=d
Then
d n—1
Q4 = Z O, inf u(Sy) = Z Or. (6.69)
k=1 k=(n-1)—d+1

The maximiser is the observable subspace whose whitened image is the span of the top
d eigendirections of T.

If
— ® d_ si(C 2
By = —L = Zk—; £(Coy) , (6.70)
u(T) Y72 sk(Cpv)?
then 5
_ d C
st(Cpy) = WCovllp 6.71)

<L—,
¢ st(Cpv)

ICovli,

Proof. By Theorem 6.7, every observable d-plane induces a Euclidean compression of 7.
The statement is therefore exactly the Ky Fan maximum principle for the positive semidefinite
matrix T, together with the complement argument for the minimum and the usual stable-rank
bound.

Corollary 6.9 (Generalised eigenvalue formulation of detectability). The nonzero
eigenvalues 0y of T are the generalised eigenvalues of the pair (Apy, Hyp):

ADvu = QH()M. (6.72)
The optimal detectable modes may be chosen as Hy-orthonormal generalised eigenvec-
tors
ul Hou;j = 6, (6.73)
and
d
04 = Z Or. (6.74)
k=1

Proof. If Tu = Ou, then multiplying by Hé/ % shows that H, 127 pvH, Y2y = guis equivalent

to the stated generalised eigenvalue problem. The envelope identity follows from Corollary 6.8.
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Corollary 6.10 (Detectability spectroscopy). The cumulative detectability envelope
recovers the detectability spectrum:

04 =04 —-04_;. (6.75)

Hence the full backbone-normalised detectability spectrum is encoded by the hierarchy
{®a}iy

Proof. Immediate from

0, = Z O, (6.76)

Corollary 6.11 (Rank-one detectability and the top generalised eigenmode). The
optimal one-dimensional detectable observer solves

MTADth

®; =sup

. (6.77)
uzo T Hou

Equivalently, O, is the top generalised eigenvalue of the pair (Apy, Hy), or the top
eigenvalue of T. Thus

1
0 =6 = Z“(CD”Z' (6.78)

The optimal one-mode detectable direction is any Hy-normalised generalised eigenvector

satisfying
Apvu = 01Hou, ulHou = 1. (6.79)

Proof. This is the rank-one case of Corollary 6.8 and the Rayleigh—Ritz characterisation of
the top generalised eigenvalue.

Proposition 6.12 (Commuting-case reduction). Assume
[Ho, Apv] =0, Hy >0, Apy > 0. (6.80)
Then there exists an orthogonal basis in which
Hy = diag(uy, ..., tn-1), Apy = diag(ty, ..., Th-1), (6.81)

with u; > 0 and t; > 0. In that basis,

T = Hy' PApyH; "2 = diag(ﬂ, R ) . (6.82)
M1 Mn-1

Hence the generalised eigenvalue problem

Apvu = 0Hou (6.83)

reduces to -
6; = —, (6.84)

Mi

with eigenvectors equal to the common eigenvectors of Hy and Apy.
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Proof. Real symmetric commuting matrices are simultaneously orthogonally diagonalisable.
The displayed formula for T is then immediate.

Corollary 6.13 (Isotropic-backbone reduction). If Hy is isotropic on Ran(Apy),

meaning
Hy = ul on Ran(Apy), (6.85)
then |
T =—Apy. (6.86)
u

Hence raw visibility and detectability choose the same eigendirections, and their spectra
differ only by the constant factor 1/ .

This commuting regime isolates the effect of the detailed-balance backbone: detectability is
raw visibility reweighted by directional backbone penalties. It is therefore natural to speak of
backbone friction when describing the difference between the raw signal spectrum and the
detectability spectrum.

6.7 Noisy Gaussian observation extension

The deterministic-subspace theory solved in the main text extends at the Gaussian level to
fixed linear noisy observation channels, although the resulting optimisation problem is no
longer a Ky Fan problem.
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Theorem 6.14 (Exact Gaussian noisy-channel shadow formulas). Let the latent
detailed-balance and NESS Gaussian fluctuation laws be

xpp ~ N(0,%), xnEess ~ N(0,%y), (6.87)

with
Yo = Hy', %1 = (Ho+Apy)~ L. (6.88)

Let the observer act through a linear Gaussian channel
y=Cx+n, n~N(O,R), (6.89)
where C € RP*"=1) and R > 0. Then
ypB ~N(0,Z0,c),  yness ~N(0,Zi¢), (6.90)

with
Yo.c =CZCT +R,  XZic=CZCT +R. (6.91)

Define the latent covariance defect
M:=%-%2,2>20 (6.92)

and the observed covariance defect
Ac :=Zoc -Z1c =CMCT >0. (6.93)

Define the noisy-channel shadow operator

Bc =3, Az, 2 (6.94)
Then
0<Bc<l  Iic=I/e-E0)%e. (6.95)
Ifé,...,&p € [0,1) are the eigenvalues of Ec, then
1 &
Dkr(ynessllype) = 5 Z[—fi —log(1 - ft)], (6.96)
i=1
and
Drcloonlywess) = + 3 [E +log(1 - ) (697)
KL\YDBIIYNESS) = 5 Z 1-¢ g i)l - .
Proof. The covariance factorisation is immediate from
Zl,C = ZO,C - Ac. (698)

The KL formulas follow from the standard centred-Gaussian divergence formula applied to

ZocZie ~ 1 -Ec. (6.99)

No optimisation claim over C and R is included here. The theorem gives Gaussian comparison
formulas for a fixed linear Gaussian observation channel.
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6.8 Physical interpretation

Section 6 completes the passage from weighted signal geometry to observable statistics.

The shadow operator is the central object. It measures the visible nonequilibrium correction
in the correct backbone metric. Large shadow means the observed nonequilibrium Gaussian
law is visibly different from the observed detailed-balance Gaussian law. Small shadow
means the observed law is close to the detailed-balance backbone even when the full system
is strongly nonequilibrium microscopically.

This is the precise sense in which finite observation can hide irreversibility in the compressed
quadratic-Gaussian regime. The hiding is not a metaphor. It is a spectral statement, and after
backbone whitening it is governed by a second spectrum. The fixed-channel noisy extension
above shows that the same Gaussian comparison structure survives beyond deterministic
subspace observation, although the corresponding channel-design problem is open.

At this point the classical core of the paper is complete. The nonequilibrium correction is an
weighted signal. Its visible share under rank constraint is computable. Observer quality is an
alignment problem. Detectability is controlled by a second, backbone-whitened spectrum.
Statistical indistinguishability from detailed balance is governed by the shadow operator.
The next section shows that the envelope hierarchy also gives spectral readout of the hidden
nonequilibrium structure.

7 Spectroscopy and the anatomy of hidden nonequilibrium structure

7.1 The cumulative envelope as a spectral readout

Up to this point, the observable envelope

d
1
K7V =7 ) sk(Apy)’ (7.1)
k=1

has been interpreted as the optimal retained signal at observable dimension d. That
interpretation is already strong, but it is not yet the full story.

The envelope is a cumulative spectral readout of the weighted nonequilibrium signal. Once
the bridge identity has identified

1
Apy = 1 ApvALy, (7.2)

the sequence
{KDVyns (7.3)

contains the cumulative singular-energy content of Apy mode by mode. The visible
nonequilibrium signal retained by the best rank-d observer is therefore the d-mode cumulative
spectrum of the signal.

This changes the status of the theory. Finite observation is not only a statement about what is
lost under compression. The envelope hierarchy is also a diagnostic object: it reveals the
spectral anatomy of what is hidden.
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To make that precise, set
KPV :=0. (7.4)

The next theorem shows that the envelope increments recover the singular-energy profile.

Theorem 7.1 (Cumulative envelope and ordered spectral increments). For each
de{l,...,n—1},

1
KgV - Kq% =7 sa(Apv)*. (1.5)

Equivalently, the ordered singular-energy profile of the weighted nonequilibrium signal
is obtained by discrete differentiation of the envelope hierarchy.

Proof. By Theorem 4.2,

d
1
pv _ 1 2
K7V =7 ) sulApy)” (7.6)
k=1
Subtracting the corresponding expression for K g_‘/l gives

1
KDV - KDY = 1 sa(Apv)*. (7.7)

Theorem 7.1 is the decisive spectral statement of the paper. The observable envelope is an
cumulative readout of the ordered singular-energy spectrum of the hidden nonequilibrium
signal.

This is why the phrase “spectroscopy of nonequilibrium visibility” is not just rhetorical. The
envelope hierarchy is a spectral measurement object. If one knows the full sequence K g v,
one knows the ordered singular-energy profile of the weighted signal.

7.2 Recovery of the singular-energy spectrum

The preceding theorem gives an immediate recovery result.

Corollary 7.2 (Recovery of the ordered singular-energy profile). For each d €
{1,...,n—=1},
sa(Apv)* = 4(KDY - KPY). (7.8)

Hence the full ordered singular-energy spectrum of Apyv is determined exactly by the
envelope hierarchy.

Proof. Multiply the identity of Theorem 7.1 by 4.

Corollary 7.2 is one of the strongest hidden consequences of the finite-observation programme.
The envelope hierarchy contains complete information about the ordered weighted singular
spectrum of the DV signal. In particular, the envelope is not only enough to state retention
and hidden-fraction theorems. It is enough to reconstruct the ordered spectral anatomy of the
signal.

This gives the theory a genuinely diagnostic character. A retained-signal curve indexed by
observable dimension is often thought of as a cumulative performance measure. Here it is

45



much more. It is a complete cumulative encoding of the signal spectrum itself. What it does
not recover is the singular-direction frame, still less the microscopic generator.

It is convenient to record the equivalent statement directly at the level of the positive signal
operator Apy.

Corollary 7.3 (Recovery of the nonzero spectrum of the DV correction). The nonzero
eigenvalues of Apy are

1
2 sk(Apy)?, 1 < k <rank(Apy), (7.9)
and are recovered from the envelope increments:
A(Apy) = K2V - K2V, (7.10)
Proof. Since
1
Apy = 7 ApvApy, (7.11)

the nonzero eigenvalues of Apy are }Ls (A Dv)z. The result then follows from Corollary 7.2.

Corollary 7.3 shows that the envelope hierarchy may equally well be read as the cumulative
eigenvalue profile of the positive signal operator Apy . The signal can therefore be viewed
either at the singular-value level through Apy or at the eigenvalue level through Apy. The
two viewpoints are equivalent.

7.3 Complexity measures from the envelope

Once the envelope hierarchy is known, several structural invariants of the nonequilibrium
signal become immediately accessible. The first is the total signal strength:

KDY =KkPY. (7.12)

tot
The second is the top singular energy:
KPV. (7.13)

Together these determine the weighted stable rank.

Corollary 7.4 (Recovery of weighted stable rank). If Apy # 0, then

KPY
SI‘(ADv) = Krll)_V' (714)
1
Proof. By definition,
-1
KDV—lnzs(A 2= Lyapvie 7.15
173 k(Apv) —4|| pvllz (7.15)
k=1
while : {
KPY = 251(Apv)? = 214DV, (7.16)
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Therefore by )
K lApv |
n—1 F
= = SI‘(AD\/). (7.17)
KPY Apvliz,

The weighted stable rank was introduced in Definition 4.6 of Section 4 as the effective
dimensionality of the nonequilibrium signal. Corollary 7.4 shows that it is also an envelope
observable. It is not an auxiliary definition imposed from outside. It is already encoded in
the retention hierarchy.

The envelope also determines the signal rank.

Corollary 7.5 (Recovery of signal rank). The rank of the weighted signal operator is
the number of strictly positive envelope increments:

rank(Apy) =#{d e {1,....,n -1} : K}V > KDV }. (7.18)
Equivalently,

rank(Apy) =#{d € {1,...,n— 1} : KDV > KDV }. (7.19)

Proof. By Corollary 7.2,
KPV > KDY = s4(Apy) > 0. (7.20)

The number of positive singular values is the rank of Apy. Since Apy = iA DVAEV’ the
ranks coincide.

More generally, every unitarily invariant spectral quantity of Apy, and every spectral quantity
of Apy, is determined by the envelope sequence. This includes Schatten norms, nuclear
norm, operator norm, Frobenius norm, spectral entropy, and any other symmetric functional
of the singular-energy profile.

Proposition 7.6 (Spectral completeness of the envelope). The sequence {K g V}g;(l)
determines the full singular-value list of Apv, and hence determines every spectral
functional of Apy and every spectral functional of Apy.

Proof. Corollary 7.2 recovers every singular value squared from the successive envelope
increments. Any spectral functional is a symmetric function of the singular values, so it is
determined by the recovered list. Since Apy has nonzero spectrum %sk (A Dv)z, its spectral
functionals are also determined.

Proposition 7.6 is the most compact way to state the diagnostic strength of the theory. The
envelope hierarchy is spectrally complete.

7.4 Observability order between systems

The envelope hierarchy now suggests a natural way to compare nonequilibrium systems by
finite-observation visibility.
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Let 01 and Q@ be two finite-dimensional irreducible Markov nonequilibrium generators,
with corresponding weighted signal operators A(Dl‘), and A?)

py» and envelope hierarchies Kc(zl)
and Kc(lz).

Definition 7.7 (Observability dominance). We say that Q") dominates Q® in the
strong observability order if

Kc(ll) > KC(IZ) for every d. (7.21)
We say that Q) dominates Q) in the normalised observability order if

CDE;) > CI)EIZ) for every d. (7.22)

The strong order compares absolute visible signal budgets. The normalised order compares
how concentrated the signal is independently of overall scale.

The next proposition identifies the underlying spectral meaning of these two orders.

Proposition 7.8 (Spectral meaning of observability dominance). The following are
equivalent:

1. QW) dominates Q? in the strong observability order,
2. foreveryd,

Zs (AG))? > Zs (A3 (7.23)
k=1

In particular, strong observability dominance is weak majorisation of the singular-
energy front.

Similarly, if the total signals agree,

kM @

tot tot

(7.24)

then normalised observability dominance is equivalent to majorisation of the normalised
singular-energy profiles.

Proof. The strong statement is immediate from the definition of the envelope:
K\ = 7 Z (Al9))?2 ae{l,2}. (7.25)

The factor 1/4 is common to both systems and therefore irrelevant to the order.

For the normalised statement, divide both envelope hierarchies by the common total signal.

The resulting cumulative fractions are the retention fractions CI);“).

Proposition 7.8 gives a clean comparative language that the existing literature lacks. Two
systems can have the same overall nonequilibrium strength but very different visibility profiles
under finite observation. One may be more observable at every observational budget because
its signal is more concentrated in the leading modes. The other may be thermodynamically
active but spectrally diffuse and therefore harder to access.

This is a central consequence of the theory. The finite-observation programme ranks systems
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not only by how much nonequilibrium they contain, but by how that nonequilibrium is
distributed across observable directions.

7.5 Practical meaning

Section 7 changes the status of the envelope hierarchy in three ways.

First, it shows that the envelope is the cumulative spectral profile of the weighted nonequilib-
rium signal. The paper is therefore not only about how much finite observers miss, but about
the spectral anatomy of what they miss.

Second, it shows that weighted stable rank is not simply a convenient scalar bound. It is an
envelope-derived complexity invariant. The same retention hierarchy that determines the
optimal visible fraction also determines the effective dimensionality of the signal. The theory
is therefore internally closed: the object that controls visibility is extracted from the same
spectral data that governs retention.

Third, it provides a new comparative language for nonequilibrium systems. Systems can now
be compared by observability profile, not just by total dissipation or total correction size. A
system with a highly concentrated signal may be easy to diagnose under severe observational
constraints, while a system with a diffuse signal may remain effectively hidden even if its
total nonequilibrium strength is large.

It reveals the diagnostic content of the theory. The envelope hierarchy is a spectroscopy of
hidden nonequilibrium structure. The backbone-whitened detectability operator reveals a
second spectrum, governing observer design against the detailed-balance backbone. Noisy
observation channels admit a Gaussian shadow extension, even though the optimal channel-
design problem remains open.

That shift has real consequences for the rest of the paper. Suppression and classification under
structural assumptions, rank-constrained retention mechanisms, and the weighted signal
operator are all now unified in one argument. Section 7 shows that once these ingredients are
combined, one gets a cumulative spectral theory of finite nonequilibrium visibility.

The next section uses this spectral viewpoint to reinterpret suppression and shared observed-
Gaussian behaviour under structural assumptions as corollaries of the deeper signal theory.
That is where the classical part of the paper closes.

8 Projection suppression and shared observed-Gaussian behaviour as corollaries

8.1 Projection suppression revisited

The preceding sections show that the finite-observation problem is governed by two objects:
the visible envelope Kf V, which controls how much of the nonequilibrium correction
can survive rank-d observation, and the shadow operator Stj, which compares that visible
correction to the projected detailed-balance backbone. This recasts structural projection
suppression in a cleaner and more structural way.

A suppression theorem can be established under an explicit family of structural assumptions
on the slow and fast sectors, together with a classification of observable normal forms once
the projected nonequilibrium correction becomes asymptotically negligible. The key point
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of the work is that those assumptions are no longer the primitive centre of the theory. They
are one sufficient route to a more basic conclusion.

The new primitive statement is this: if the visible envelope is small relative to the observed
detailed-balance backbone, then the observed nonequilibrium Gaussian law is close to the
observed detailed-balance law. In the notation of Section 6, suppression means that

DV
K
/lmin(Bl'[)

is small. Everything else is a mechanism for forcing this ratio to be small.

(8.1)

It is therefore useful to state the relationship to the structural suppression result explicitly.

Corollary 8.1 (Gaussian projection suppression criterion). Let I1 be a rank-d
observable projector. Suppose that a family of generators Q%) satisfies

KDV(0')

-0 as @ — oo, (8.2)

Amin(Bl(-[a))
Then the compressed Gaussian fluctuation laws converge, in Kullback-Leibler di-
vergence, total variation, and Hellinger distance, to the corresponding compressed
detailed-balance Gaussian laws. In particular, the projected Donsker-Varadhan Hes-
sian becomes asymptotically indistinguishable from the projected detailed-balance
backbone at the observed Gaussian level.

Proof. This follows immediately from Theorem 6.6 and Proposition 6.5. The shadow operator
satisfies

(@) ng(Q(a))
IS0 llop < ———5=> (8.3)
/lmin(BH )

so the hypothesis forces ||Sl(.[a) lop — 0. The Gaussian divergence bounds of Section 6 then
imply convergence of the observed nonequilibrium laws to the observed detailed-balance
laws.

Corollary 8.1 is the precise way in which the structural suppression result is absorbed. The
suppression result does not disappear. It is strengthened and reinterpreted. A structural list of
hypotheses is now seen as one way of forcing a simpler and more primitive visible-envelope
ratio to be small.

8.2 The role of the structural assumptions

A suppression analysis based on five structural assumptions governing the slow-fast geometry
of the generator proves asymptotic suppression of the projected nonequilibrium correction.
From this viewpoint, those assumptions should be read as engineering conditions that drive
the backbone-normalised visible envelope to zero.

This is clearest at the block level. By Theorem 3.5, the observed nonequilibrium correction
admits, relative to the chosen Hy-adapted block decomposition, an intrinsic slow contribution
and a hidden-return contribution from the complementary sector. The structural assumptions
act on these two blocks in precisely the way now suggested by the finite-observation theory.
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First, conditions enforcing small slow-skew action reduce the intrinsic slow contribution.
Second, conditions forcing delocalisation or decay of the mixed channel reduce the hidden
return contribution. Third, fast-block coercivity penalises any remaining hidden return by
weighting it against a stiff fast detailed-balance backbone. Together, these mechanisms drive
the visible correction downward.

These assumptions are therefore not arbitrary. They are sufficient conditions for keeping
the visible nonequilibrium signal small in comparison with the observed detailed-balance
backbone. From this viewpoint, they do not define the suppression phenomenon. They
instantiate it.

This reinterpretation is important because it changes the logical status of the suppression
result. In a purely structural formulation, the assumptions must be stated as primitive
hypotheses because the signal form of the nonequilibrium correction is not yet available.
Once the bridge is closed and the weighted envelope is known, the assumptions take their
proper place as family-level mechanisms forcing the basic spectral ratio to be small.

One can therefore summarise the relationship as follows:

The structural suppression theorem says that certain slow-fast hypotheses imply
projection suppression.

The present theory says that projection suppression occurs whenever the visible
envelope is small relative to the observed backbone, and that those hypotheses
are one way of ensuring exactly that.

That is a genuine simplification. It compresses a list of family-dependent conditions into a
single visibility criterion with geometric and statistical meaning.

8.3 Shared observed-Gaussian behaviour

Once the projected nonequilibrium correction becomes negligible, observable behaviour
collapses to the projected normal form (U, g1, G, Ji1). We now reveal why that collapse
occurs.

The reason is spectral. The nonequilibrium correction is a weighted signal operator. Finite
observation can only retain the singular-energy front of that signal. When the visible envelope
is small relative to the observed backbone, the observer sees only the projected metric
and projected generator sectors to leading order. The finer nonequilibrium structure is
microscopically, but it is spectrally invisible in the observed Gaussian law.

This yields the following shared-normal-form statement.
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Corollary 8.2 (Asymptotic shared observed-Gaussian behaviour under a common
projected normal form). Fix an observable rank d. Let {QE,I)} and {QE,Z)} be two
families of finite-dimensional irreducible Markov generators with the same projected
normal form for each a:

N (04)) = Nu(QY). (8.4)

Let Bry, o denote the common projected detailed-balance backbone determined by that
shared normal form, and suppose that for a € {1,2},

K7 (4"
_
/lmin(BH,oz)

Then each observed Gaussian fluctuation law converges, in Kullback-Leibler divergence,
total variation, and Hellinger distance, to the common projected detailed-balance
Gaussian law determined by Byy . Consequently, the two observed Gaussian laws
converge to one another in total variation and Hellinger distance.

0 as @ — 0o, (8.5)

In particular, the observed Gaussian equivalence class is governed asymptotically
by the projected normal form once the visible nonequilibrium correction becomes
negligible relative to the projected backbone.

Proof. Since the projected normal forms coincide, the projected detailed-balance backbones
agree and are equal to By o. For each family, Corollary 8.1 implies convergence of the
observed nonequilibrium Gaussian law to the common detailed-balance Gaussian law because

KPV(04")
_
/lmin(Bl'[,a)

The pairwise total-variation and Hellinger conclusions then follow from the triangle inequality
for those distances. We do not invoke a triangle inequality for Kullback-Leibler divergence.

15 ||, < 0. (8.6)

II,a

Corollary 8.2 gives the final version of this shared-normal-form idea. Different generators can
collapse onto the same observed Gaussian class once the projected correction is suppressed
relative to the projected backbone. The paper explains the mechanism: finite observation
removes most of the weighted nonequilibrium signal, and once the visible remainder is small
compared with the backbone, only the projected normal form survives statistically.

In this sense, the shared behaviour is asymptotic and Gaussian. It is a consequence of a
spectral bottleneck on nonequilibrium visibility.

8.4 Internal hierarchy of observational equivalence

The internal hierarchy of projected observables now sits naturally inside the final theorem
package. It is useful to restate it compactly.

At the coarsest level there is static equivalence: two systems agree on the observed metric
structure of the accessible sector. This is the level of U and grpj.

At the next level there is dissipative equivalence: two systems share the same projected
dissipative backbone Gy, and therefore the same observed detailed-balance Hessian Bryy.

At the finest level there is projected normal-form equivalence: two systems share the same
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projected triple (gr1, G, Ji1), and therefore the same observable linear normal form in the
absence of visible nonequilibrium correction.

The theory inserts one more statement into this hierarchy. The shadow operator tells us when
the observed nonequilibrium correction is too small to disturb this projected hierarchy at the
observed Gaussian level. Thus the hierarchy is now:

1. static observable structure,

2. projected dissipative backbone,

3. projected normal form,

4. projected nonequilibrium shadow.

The classification theorem can now be read as saying that once the fourth layer is spectrally
negligible, the first three determine the observed class completely.

This is a substantial conceptual improvement over an isolated taxonomy of projected data.
The hierarchy is no longer just a nested classification of projected observables. It is the
hierarchy of what survives once finite observation has truncated the weighted nonequilibrium
signal.

8.5 Parameter compression

The full observable normal form on a rank-d sector is determined by a finite parameter count,
leading to a strong compression of the observable description. That compression result also
has a more structural meaning.

The visible nonequilibrium correction is not an arbitrary additional object of the same formal
size as the backbone. It is a weighted signal that finite observation can only access through
a rank-constrained singular-energy front. Once that visible front is negligible relative to
the projected backbone, the observer is left with the projected normal form alone, with its
already-known compressed parameter count.

Thus the parameter compression theorem can now be read as the endpoint of a two-step
reduction:

1. the weighted nonequilibrium signal is spectrally thinned by finite observation,
2. the remaining observable law collapses onto the projected normal form with its finite
parameter budget.

That is the sharper conceptual picture. The finite parameter count is not just a convenient
descriptive simplification. It is what is left after the visible nonequilibrium sector has been
spectrally exhausted.

9 Abstract weighted geometry and operator-space transfer

9.1 Abstract metric setting

The classical theory developed so far lives on the reduced Euclidean Fisher space, where
the detailed-balance Hessian has already been used to whiten the nonequilibrium correction
into the signal operator Apy. The next step is to recognise that the linear algebra of visible
envelopes, retention fractions, and stable-rank control is not inherently classical. It belongs
to a more general weighted Hilbert-space framework.
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Let V be a finite-dimensional real or complex vector space equipped with a positive-definite
metric operator M, so that
(X, y)m = {x, My) ©.1

defines an inner product. We denote the corresponding norm by ||x||7. An operator IT on V is
called M-orthogonal if it is idempotent and self-adjoint with respect to (-, -)5s. Equivalently,

2 =11, m* =11, 9.2)

where T# := M~'T*M is the M-adjoint.

Suppose now that a positive semidefinite correction operator A on V is represented in the
weighted geometry through a symmetrised signal factorisation

A = BB* 9.3)

for some operator B. This is the abstract analogue of the classical identity
1 T
Apv = 3 ApvADy 9.4)

on the reduced Euclidean Fisher space.

The key observation is that the visible-envelope theory depends only on this weighted
signal factorisation and the geometry of M-orthogonal compression. Once the metric is
Euclideanised, the whole classical Ky Fan theory transfers directly.

9.2 Weighted envelopes and retention in the abstract setting
Let IT be an M-orthogonal projector of rank d. The natural visible signal retained by II is
Vi (A) = tr(ITAIT), 9.5)

where the trace is the algebraic trace on the finite-dimensional space and the Euclideanisation

is used only to express the projected Frobenius energy. Because A = BB*, this quantity
admits the same projected-energy interpretation as in the classical case.

To state the transfer theorem cleanly, choose the positive-definite self-adjoint square root
M2 and define the Euclideanised signal operator

B:=M"?BM~2, (9.6)
Likewise, if I1 is M-orthogonal, define its Euclideanised projector
= MM, (9.7)

Then II is an ordinary Euclidean orthogonal projector of the same rank, and the visible
signal may be computed entirely in Euclidean form. This is the content of the operator-space
transfer theorem proved in this section.
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Theorem 9.1 (Abstract weighted envelope theorem). LetV be a finite-dimensional
metric space with positive-definite metric M, and let A = BB* bea positive semidefinite
correction operator on V. Define

B:=M'"?BM~1/2, I := M'P1ImM~12, 9.8)
Then for every M-orthogonal projector 11,
Vir(A) = tr(TIATI) = |1 B||%. 9.9)

Consequently, the optimal rank-d visible signal is given by the Ky Fan top-singular-
energy envelope of B, the retention fraction is the corresponding cumulative singular-
energy ratio, and the effective complexity invariant is the stable rank of B.

Proof. Conjugation by M'/? sends M-orthogonal projectors to Euclidean orthogonal projec-
tors. Moreover,

M'2AMV? = M'2BBA MY = M2 BMT' BT M/ = B BT, (9.10)
so the weighted signal factorisation becomes an ordinary Euclidean Gram form. Therefore
tr(TTATT) = te(TI BB'TI) = ||T1 B||%, 9.11)

and the Euclidean projector formula, Ky Fan envelope theorem, retention hierarchy, and
stable-rank obstruction apply verbatim.

Proposition 9.2 (Factorisation-gauge invariance). Suppose A = BB¥ = B B* with
B = BU for an M-unitary operator U satisfying URU = I. Then the visible signal,
envelope hierarchy, retention fractions, stable rank, and ordered singular-energy profile
obtained after Euclideanisation are identical for B and B.

Proof. Euclideanisation sends U to an ordinary unitary factor on the right of B. Right
multiplication by a unitary does not change singular values, and all stated quantities depend
only on those singular values.

Theorem 9.1 is important for two reasons. First, it shows that the visible-envelope machinery
is not a curiosity of the classical Fisher reduction. It is a theorem of weighted signal geometry.
Second, it makes the quantum continuation of the paper almost automatic at the level of
weighted-geometry transfer. Once the physically relevant quantum correction object is
identified in a BKM-type metric geometry, the same envelope and retention theory follows
by Euclideanisation.

9.3 Classical Fisher geometry as a special case

The finite-dimensional Markov theory developed in Sections 2 to 8 is the first special case of
the abstract metric framework.

Indeed, after passing to the reduced Euclidean Fisher coordinates and whitening by the
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detailed-balance Hessian, the correction takes the ordinary Gram form

1
Apy = 7 ApvApy. (9.12)

This is a special case of the abstract factorisation A = BB*, with the metric already
Euclideanised and the signal operator chosen as

B=1Apy, (9.13)

sothat BB* = 1Apy AT = Apy.

Thus every theorem of the earlier sections can be re-read as an instance of the abstract
weighted geometry theorem, specialised to the finite-dimensional Markov nonequilibrium
setting. The classical results are therefore not separate from the theory. They are its first
concrete realisation.

This point clarifies what is fundamental in the earlier sections. The bridge theorem is
classical and model-specific because it identifies the signal operator Apy. Once that signal is
identified, the visible-envelope, retention, alignment, and spectroscopy machinery is generic
weighted linear algebra.

9.4 BKM operator geometry as a special case

The second special case is the BKM-symmetrised operator geometry. There the role of the
ambient metric is played by the Bogoliubov-Kubo-Mori inner product, or more generally the
corresponding positive-definite metric matrix on the finite-dimensional operator space under
consideration.

In that setting, projector geometry is no longer Euclidean in the naive coordinate basis.
However, after Euclideanisation by the metric square root, M-orthogonal projectors become
ordinary Euclidean projectors, and the weighted signal operator becomes an ordinary matrix
to which the same singular-value theory applies.

This means that once a linear quantum fluctuation correction is identified in BKM geometry,
the following objects transfer:

the visible signal retained by a rank-constrained observable sector,
the optimal rank-d envelope,

the retention fraction and hidden fraction,

the stable-rank complexity invariant,

the alignment theorem and random-observer baseline,

the spectroscopy hierarchy.

QNnhAERPD =

This is a much stronger statement than a vague analogy between classical Fisher geometry
and quantum BKM geometry. It is a transfer of the projector-level visibility law.

It also explains why the operator-space step matters even before the physical quantum
correction object is identified in full generality. Once such an object is written in weighted
Gram form, the whole finite-observation geometry transfers unchanged.
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9.5 What transfers and what does not

The abstract metric theorem makes the scope of the operator-space extension very clear.

What transfers is the weighted linear algebra of visibility. If a correction operator in a
finite-dimensional metric geometry admits a weighted signal factorisation, then the projector
formula, Ky Fan envelope, retention hierarchy, stable-rank invariant, alignment theorem, and
spectroscopy corollary all transfer by Euclideanisation.

What does not automatically transfer is the physical identification of the correction operator
itself. In the classical Markov setting, the bridge theorem provides this identification through
the reduced-coordinate DV Hessian analysis. In the quantum setting, one still needs a
physically justified linear fluctuation object in the appropriate BKM geometry before the
abstract weighted theory can be applied.

This distinction is essential and must remain visible in the final paper. The work proves
an classical bridge and an abstract weighted geometry theorem. It then uses the latter to
formulate a disciplined linear quantum extension. It does not claim a fully general nonlinear
quantum Donsker-Varadhan theorem.

It shows that the classical and quantum parts of the paper are related in the right order. The
classical theory is exact because both the physical bridge and the visibility geometry are
known. The operator-space part is exact at the geometric level and conditional at the physical
fluctuation-identification level.

The next section turns to the linear quantum fluctuation extension itself. It shows how
the weighted visibility law fits naturally into recent work on BKM geometry, restricted
information, and quantum nonequilibrium thermodynamics.

10 Linear quantum fluctuation extension

10.1 Quantum fluctuation object in BKM coordinates

The abstract weighted geometry of Section 9 shows that the finite-observation machinery
transfers once a physically meaningful correction object is identified in a finite-dimensional
metric geometry. In the quantum nonequilibrium setting, the natural candidate metric is
the Bogoliubov-Kubo-Mori metric, which already appears in recent work on slow quantum
nonequilibrium steady-state thermodynamics and geometric dissipation [21-23].

The guiding idea is the following. In the classical Markov setting, Section 3 identifies a
fluctuation correction object whose visible share under finite-rank observation is governed by
a weighted signal operator. The quantum linear extension seeks the corresponding object in
BKM-symmetrised operator coordinates. Once such an object is written in weighted Gram
form, the visibility law of Sections 4 to 7 follows from the abstract metric theorem.

We therefore work in a finite-dimensional operator space V, equipped with a positive-
definite BKM metric matrix Mpgps. The relevant observable sectors are Mpg ps-orthogonal
projectors, and the physically meaningful fluctuation object is a linearised correction operator
associated with a quantum nonequilibrium steady-state generator. In the paper, we do not
attempt to construct the full nonlinear quantum analogue of the classical bridge. Instead, we
identify the precise linear fluctuation setting in which the weighted visibility theory transfers.
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This distinction matters. The quantum part of the paper is not a speculative appendix to
the classical theorem. It is the operator-space continuation that becomes exact once the
fluctuation object has been linearised and expressed in the correct BKM geometry.

10.2 Quantum observable envelope

The operator-space transfer theorem of Section 9 implies that once a quantum fluctuation
correction is written in weighted Gram form relative to the BKM metric, its visible signal
under finite observation is governed by the same envelope hierarchy as in the classical case.

Concretely, let A, be a finite-dimensional positive semidefinite quantum fluctuation correction
acting on the BKM operator space, and assume that it admits a weighted signal factorisation

A, = ByBY, (10.1)

where # denotes the adjoint with respect to the BKM metric. Let I be an Mg ps-orthogonal
projector of rank d. Then the visible quantum nonequilibrium signal is

Vii(Ag) = tr(IIA,IT), (10.2)
and by the abstract theory this is the projected signal energy of the Euclideanised operator
My nBa-

The immediate consequences are direct quantum analogues of the classical theorems:

1. the exact rank-d visible envelope is given by the Ky Fan top-singular-energy profile of the
Euclideanised quantum signal operator,

2. the exact retention fraction is the cumulative singular-energy fraction,

3. the effective observability complexity is the stable rank of the Euclideanised quantum
signal operator,

4. the optimal quantum finite observer is the projector onto the dominant singular front,

5. the envelope hierarchy is a spectroscopy of the visible quantum nonequilibrium signal.

Thus, at the level of weighted signal geometry, the classical and linear quantum finite-
observation theories are formally identical. What changes is not the projector-level visibility
law, but the physical origin and interpretation of the fluctuation object.

This is precisely where the recent BKM and quantum information-geometric literature
becomes relevant. BKM geometry is already known to control nonadiabatic entropy produc-
tion and path-action structure in slow quantum nonequilibrium steady-state transitions [21].
Quantum Fisher decompositions also distinguish incoherent and coherent geometric contri-
butions to thermodynamic and dynamical constraints [22]. The paper adds a complementary
statement: once the fluctuation correction is placed in BKM metric form, finite observation
has a spectral visibility law.

10.3 Restricted information and quantum observation

The quantum extension is also the natural point of contact with recent work on restricted
information and observation-dependent thermodynamic quantities.

Rubino, Brukner, and Manzano show that coarse-grained quantum thermodynamic quantities
depend explicitly on observational resolution, even while fluctuation-theorem-type relations
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survive at each level of access [19]. Pernambuco and Céleri argue that restricted microscopic
access should be treated geometrically as a gauge reduction on the space of states, leading
to gauge-invariant entropy and fluctuation relations under limited information [20]. These
papers differ significantly in mathematical machinery, but they share a common message:
thermodynamic content depends on what the observer can resolve.

The present theory gives a new layer beneath that message. In the linear BKM fluctuation
regime, restricted observation is not only a question of coarser thermodynamic bookkeeping
or gauge-reduced distinguishability. It is a singular-value problem. The observer’s access
to quantum nonequilibrium structure is determined by the spectrum and singular-mode
geometry of the weighted fluctuation signal.

This suggests a clean conceptual synthesis. Restricted information determines which
operator-space directions are accessible. The BKM metric determines the physically correct
geometry of fluctuation comparison. The weighted signal operator determines how much
nonequilibrium structure those accessible directions can actually retain. In this sense, the
theory does not compete with the restricted-information literature. It completes one of its
missing linear-algebraic pieces in the fluctuation setting.

10.4 Limits of the present quantum theorem

The operator-space transfer should not be overstated. As stressed at the end of Section 9, the
paper proves a classical bridge and a abstract weighted visibility law, and then uses the latter
to formulate a disciplined linear quantum extension. It does not claim a general nonlinear
quantum Donsker-Varadhan theory, nor a complete quantum shadow theorem at the same
level of explicitness as in the classical Markov setting.

Three limitations are especially important.

First, the physical identification of the quantum fluctuation correction remains linearised.
The paper says that if the correction admits the appropriate weighted Gram representation
in finite-dimensional BKM geometry, then the finite-observation machinery transfers. It
does not derive that representation in full generality from first principles for arbitrary GKLS
dynamics.

Second, the operator-space theory does not yet address noisy or non-projective finite
observation channels at the same level of completeness. The projectors of the current
paper describe sharp finite-rank observation sectors in the underlying geometry. General
measurement channels and faulty observation maps remain a next step.

Third, the current paper does not attempt to settle the nonlinear quantum analogue of the
diagonal-qubit falsifier and related beyond-quadratic issues discussed in the recent literature
on partial observation and quantum thermodynamics. The paper stays deliberately at the
linear fluctuation level where the weighted visibility geometry is exact.

These limitations mark the boundary of the work and indicate the next technical steps.

11 Worked Examples

These benchmarks are selected calibration points for the operator theory. Each is read through
the same finite-observation ladder: skew source, backbone-weighted signal, hidden spectral
tail under rank constraint, and the whitened spectrum controlling detectability against the
detailed-balance backbone.
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11.1 A four-state two-cycle network from the entropy-estimation literature

We take the four-state, five-link, two-cycle network used in the transition-based waiting-time
literature, with rates given in Appendix E, Table IV of van der Meer, Ertel, and Seifert
[36]. In that source problem, the observed link is the transition pair 2 < 3, and the forcing
parameter F enters only through the rates on that link. At the benchmark value

F=1In3, (11.1)

the rates become
-36.7 1 35 0.7

o-| 8 9 1 0
" 02 6 -562 350
750 2 =77

(11.2)

This first benchmark is genuinely multicyclic, small enough for transparent computation, and
already recognised in the entropy-estimation literature. It therefore provides a compact test
of the bridge, envelope, shadow, and detectability results on a standard network.

11.2 Envelope benchmark and the induced observed-link sector
For this generator the stationary law is
m ~ (0.381628, 0.207197, 0.247191, 0.163983). (11.3)

The reduced Fisher space has dimension m = 3. The computed weighted signal operator
Apy has singular values

s1(Apy) = 7.672020, s2(Apy) = 6.298419, s3(Apy) = 0, (11.4)
so the active nonequilibrium geometry is rank two. The weighted stable rank is
st(Apy) = 1.673975. (11.5)
The Ky Fan visibility levels are therefore
KPPV ~ 14.71497, KPV = KPV ~24.63249, (11.6)
which gives retained fractions
oPV ~0.597381, PV = 1. (11.7)

Thus a single unconstrained optimal observable direction already retains about 59.7% of the
full Gaussian nonequilibrium signal, while two directions recover the entire active sector.
The random rank-one baseline is 1/3.

The bridge relation is also numerically sharp in this example. Direct computation gives

L 7g-17T
[#ov - 4775 77], y
~1.38 x 1079, (11.8)

lApv|lF
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Figure 1: Observable visibility envelope for the four-state two-cycle benchmark at F = In 3. The reduced nonequilibrium signal is
rank two in a three-dimensional reduced Fisher space. The rank-one retained fraction is CD{') V' ~0.597, while CI)? V =1, so two
observable directions recover the entire active sector. Dashed lines indicate the random-observer baselines 1/3 and 2/3.

so the benchmark is not merely illustrative at the level of the envelope. It is also quantitatively
consistent with the bridge developed in Section 3.

Figure 1 makes the unconstrained envelope structure explicit. To connect the benchmark
directly to the source observation pattern, we now instantiate the actually observed link as an
orthogonal sector inside the theorem class of the paper.

The waiting-time estimator of [36] is built from transitions along the observed edge 2 < 3.
That observable is not literally an orthogonal projector on the reduced Fisher space, so we
take the induced Fisher-orthogonal rank-one surrogate

_ CThys
by = D;*(es — e3) € T, q23 -

= obs := g23G 5. (11.9)
ICT bas|| o >

Because (bj3,e,) = 1 — 1 =0, this direction lies naturally in the Fisher tangent space. It is
the clean orthogonal observer induced by the physical access pattern “observe only the 2 < 3
link” while remaining inside the orthogonal-compression framework of Sections 2 to 6.

For this literature-induced sector we obtain

DV

%
VOV = tr(TlohsApy) ~ 4.32702, @BV = — 9 _ ~(.175663. (11.10)
‘ > u(Apvy)

Thus the actual observed edge captures well below the unconstrained optimum <I>? Vx
0.597381, and even below the blind rank-one baseline 1/3. At the raw-signal level, the source
observable is therefore strongly misaligned with the dominant singular front of Apy.

The shadow statistics tell a more refined story. For the same sector,

Bops := HobsHOHObisanHObsa Eqps = HobsADVHObisanHObs, (1 111)
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Table 1: Rank-one comparison at F = In3 for the four-state two-cycle benchmark. For raw visibility, the random row uses
the Grassmannian rank-one expectation. On the detectability side, the quoted comparison uses the natural whitened rank-one
benchmark tr(7") /3. The raw-optimal row maximises ®2V, the observed row is the literature-induced edge sector Iy, and the
detectability-optimal row maximises tr(S).

Observer sector PV tr(S) @ =tr(S)/tr(T) TV bound
Random raw baseline / whitened benchmark 1/3 0.199213 1/3 -
Raw-optimal rank-one 0.597381 0.292204 0.488930 0.0947
Observed 2 < 3 sector 0.175663 0.252725 0.422872 0.0828
Detectability-optimal rank-one 0.397326  0.298820 0.500000 0.0966

so in this rank-one case the shadow score is the scalar
Sobs = B EopsBL/* ~ 0.252725. (11.12)

The reverse Gaussian KL divergence is therefore

1
DKL(NDB,obs ” NNESS,obs) = E(Sobs - log(l + Sobs)) ~ 0-01370’ (11-13)
which gives

TV(NDB,ObS, NNEgs,Obs) < 0.0828. (11.14)

This already separates two questions that are blurred in much of the partial-observation
literature. The physically observed edge is poor as a raw proxy for the full nonequilibrium
signal, but it is less poor after backbone normalisation. Indeed, with tr(7) = 0.597640 and
®; = 0.298820, the detectable fraction of the actual observed sector is

Y — tr(Sobs)
s T (T

~ 0.422872, (11.15)

to be compared with the detectability optimum 1/2. At F = In3, the observed edge
therefore sits below the raw rank-one baseline in visibility, but above the natural rank-one
whitened benchmark in backbone-normalised detectability. This is the cleanest indication,
on this benchmark, that the detectability landscape is materially flatter than the raw-visibility
landscape.

Table 1 is the main point of the worked example. It shows that one can now rank concrete
observation schemes geometrically. The gap between the observed 2 < 3 sector and the
raw optimum is an exact alignment deficit, not a vague information-loss slogan. At the same

time, the smaller gap in ® shows that backbone-normalised detectability can be materially
less pessimistic than raw signal retention.

11.3 A short forcing sweep on the actual observed sector

Because the source family is parametrised by a single force F' acting on the observed link, it
also furnishes a natural one-parameter sweep. Figure 2 plots
F > ®PV(F), F +— tr(Sops (F)), (11.16)

obs

for the same induced observed-link sector Igps(F).
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Figure 2: Observed-link forcing sweep for the edge-induced orthogonal sector Ilops (F') associated with the measured 2 < 3 link.
Blue shows the raw retained fraction <I>0Db:/ (F). Orange shows the shadow trace tr(Sops (F)). The grey dashed line marks the raw
random rank-one baseline 1/3, and the vertical dotted line marks the benchmark value F' = In 3. The two curves separate visibly,
showing that backbone-normalised detectability and raw signal retention are distinct geometric questions even for the same physical
observation channel.

Across the range F' € [-2, 4], the raw retained fraction rises from about 0.012 to about 0.696,
while the shadow trace rises from about 0.019 to about 0.307. The separation is already clear
at moderate forcing: at F = 0, the observed sector still retains only CI)ODb‘S/ ~ 0.081 of the total
raw signal, but its backbone-normalised shadow strength is already tr(Sops) = 0.174. This is
the distinction between raw visibility and backbone-normalised detectability formalised in
Section 6.

The worked benchmark shows that the present geometry can compare the actual source
observable with the visibility-optimal and detectability-optimal observers, and can track how
that gap changes across a physically motivated forcing family.

11.4 A five-state ribosome proofreading benchmark from the speed-accuracy literature

The four-state benchmark shows that the theorem package can compare actual and optimal
observers on a standard partial-observation network. We now test the same machinery on
a biologically canonical proofreading model. Banerjee, Kolomeisky, and Igoshin analyse
aa-tRNA selection by the E. coli ribosome through a five-state kinetic-proofreading network,
together with hyperaccurate and error-prone mutants, and argue that the experimentally
relevant regime is organised primarily by speed, with energetic proofreading cost as an
additional constraint rather than by direct minimisation of error alone [37].

To place that system inside the finite-observation framework of the present paper, we use the
closed turnover continuous-time Markov model on the state set

(E, ER, ER*, EW, EW"), (11.17)

where E is the free ribosome, ER and ER™* are the cognate branch before and after hydrolysis,
and EW and EW™ are the near-cognate branch before and after hydrolysis. The right-pathway
rates and discrimination factors are taken directly from the Banerjee supporting-information
tables for the wild type (WT), hyperaccurate mutant (HYP, rpsL.141), and error-prone mutant
(ERR, rpsD12) ribosomes [37].

As in Banerjee’s translation analysis, we impose the nearly irreversible choices k_y g =
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Table 2: Finite-observation summary for the Banerjee ribosome benchmark. The last two columns separate raw concentration from
backbone-normalised detectability concentration. Raw rank two suffices for all three variants, whereas the ERR mutant requires full
rank to exceed the 90% detectability threshold.

Variant sr(Apy) @PY  ®PV 4@y die top 6k

WT 1.4709 0.6799 09867 2 2 0.324613
HYP 1.4130 0.7077 09913 2 2 0.320700
ERR 1.5166 0.6594 0.9504 2 4 0.327211

k_3r = 1073571 and f-2 =1, and derive f_3 from the cycle constraint. The generator
used here is not the backward first-passage operator from the source paper. It is the ergodic
turnover generator in which both catalytic completion and proofreading reset return the
system to the free state E.

Before applying finite observation, we validate the reconstruction against the source biology.
The stationary fluxes recover the correct speed and error ordering

speed: WT > HYP > ERR, error: HYP < WT < ERR, (11.18)

and the flux-based proofreading cost agrees with the analytic Banerjee formula to relative
error below 2 x 107 for all three variants. The benchmark is a source-locked turnover model
that reproduces the intended biological regime before any spectral analysis is performed.

11.5 Raw spectral concentration and interpretation of effective complexity

The reduced Fisher tangent space has dimension m = 4 for each ribosome variant. Figure 3
and Table 2 show the singular spectrum of the weighted signal operator Apy and the
associated Ky Fan retention hierarchy.

Across all three variants the raw nonequilibrium signal is sharply concentrated. The weighted
stable rank lies in the narrow interval

1.4130 < sr(Apy) < 1.5166, (11.19)
while the rank-one retained fractions satisfy
0.6594 < PV <0.7077. (11.20)

More importantly, two observer directions already recover almost the entire Donsker-Varadhan
correction:

2V (WT) ~ 0.9867, @2V (HYP) ~ 0.9913, ®2V(ERR) ~ 0.9504. (11.21)

Thus the active signal is effectively rank two in a four-dimensional reduced Fisher space,
despite the fact that the underlying proofreading network is multibranch and is usually
discussed through several competing biological performance measures. Within the raw
finite-observation geometry, the benchmark exhibits a pronounced appearance of spectral
simplicity despite topological and functional richness: topological complexity does not imply
spectral complexity.
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Figure 3: Raw weighted-signal spectrum and cumulative Ky Fan retention for the Banerjee ribosome benchmark. For WT, HYP,
and ERR, the singular front of Apy is sharply concentrated. Rank one retains roughly two thirds of the full correction, and rank
two retains more than 95% in every variant.

11.6 Backbone-normalised detectability and biologically legible observer directions

The whitened detectability spectrum sharpens the comparison between variants. Figure 4
shows that WT and HYP have an almost perfectly rank-two detectability structure: in both
cases a nearly degenerate leading pair at

0 ~ 0, ~0.32 (11.22)
dominates, while the residual tail is tiny,
63 = 04 =~ 0.0062 for WT, 63 = 04 ~ 0.0026 for HYP. (11.23)

Consequently, two detectability directions already capture more than 98% of the backbone-
normalised signal for WT and HYP. The ERR mutant shows a more mixed geometry. Its
leading pair remains dominant,

01 = 6, ~0.3272, (11.24)

but the lower pair remains substantial,
03 ~ 64 = 0.1405, (11.25)

so rank two captures only about 70% of detectability and one needs full rank to exceed
the 90% threshold. Raw retention is therefore highly concentrated in all three variants, but
detectability distinguishes the speed-optimised WT and HYP variants from the more diffuse
ERR mutant.

Figure 5 shows that the dominant observer directions are also biologically legible. Up to the
usual overall sign convention, the top raw observer loads primarily on the cognate branch
E < ER < ER*, while the subdominant direction separates cognate from near-cognate
structure. The top detectability observer places its weight mainly on the hydrolysis stage,
which is consistent with the role of ER — ER* as the main distinguishability channel
after backbone normalisation. The observer geometry is therefore not only low rank. It is
interpretable in terms of the proofreading mechanism itself.
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Figure 4: Backbone-normalised detectability spectrum for the Banerjee ribosome benchmark. WT and HYP are nearly rank two
after whitening, while ERR retains a substantial lower pair. This is the clearest place where raw visibility and detectability separate
across biologically meaningful variants.

11.7 Robustness under hydrolysis-rate variation

Banerjee’s own speed-accuracy analysis identifies the hydrolysis step as a key kinetic control
axis for the WT ribosome [37]. We therefore perform a one-parameter finite-observation
sweep over ky g while keeping the remaining WT parameters fixed. Figure 6 shows that the
low-rank picture is robust across this family. The rank-one retained fraction stays above 0.66,
the rank-two retained fraction stays above 0.969, the weighted stable rank remains close to
1.5, and the top detectability eigenvalue rises smoothly toward a plateau near 0.33. There is
no sharp spectral transition in the biologically relevant band. The spectral simplicity of the
WT proofreading network is therefore a structural feature of the benchmark family, not a
knife-edge artefact of one fitted parameter set.

Taken together, the Banerjee benchmark upgrades the theorem package from a compact
literature network to a biologically canonical proofreading system with experimentally
grounded parameters and variant structure. The conclusion is unusually clean. A network
that is functionally rich enough to support speed-accuracy-cost trade-off analysis can still
be spectrally simple in the finite-observation geometry. In this benchmark, most of the
nonequilibrium correction lives in two observer directions, and the remaining distinction
between variants becomes visible only after backbone whitening.

11.8 A matched random null for the Banerjee benchmark

The Banerjee ribosome benchmark is useful, but its structural interpretation must be stated
carefully. We therefore compare the WT proofreading network against a matched null
ensemble of dense random five-state nonequilibrium CTMCs with the same mean exit-rate
scale and with total DV energy restricted to a narrow band around the real benchmark.
The null ensemble was designed to answer a specific question: is the strong raw rank-two
compression in the ribosome case a special fingerprint of proofreading architecture, or is it
largely a dimensional effect of working in a four-dimensional reduced Fisher space?

This random-ensemble perspective is also consonant with recent work showing that, in broad
classes of random Markov models, many irreversibility-sensitive observables are controlled
primarily by heterogeneity rather than by asymmetry alone except near symmetry [38].
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Figure 5: Top raw and top detectability observer loadings for WT, HYP, and ERR. The labels E, ER, ER*, EW, and EW* denote
the free, cognate pre-hydrolysis, cognate post-hydrolysis, near-cognate pre-hydrolysis, and near-cognate post-hydrolysis states.
Overall signs are conventional. The dominant directions remain concentrated on biologically recognisable proofreading coordinates
rather than on diffuse mixtures of all states.

The answer is the latter. As Figure 7 shows, across the primary raw metrics the real Banerjee
WT point sits close to the middle of the matched null distribution rather than in an extreme
low-rank tail. In particular,

OPV(WT) ~ 0.6799, OV (WT) ~ 0.9867, st(Apy) =~ 1.4709,  (11.26)

while the corresponding percentile ranks in the null ensemble are only about 53%, 55%, and
47%, respectively. Thus the Banerjee network remains an important demonstration that the
finite-observation machinery can be applied to a real biochemical system with biologically
legible observer directions, but the raw low-rank compression itself cannot be claimed as a
special consequence of proofreading architecture.

11.9 A force-driven kinesin benchmark from the molecular-motor literature

To test whether the same spectral compression extends beyond proofreading, we next turn
to the chemomechanical kinesin model of Liepelt and Lipowsky [39, 40]. This benchmark
is mechanistically distinct from the Banerjee ribosome network. Its primary form is a
six-state motor with two competing chemomechanical cycles and one purely dissipative
cycle, together with explicit load-force control through a mechanical load-distribution factor
and force-sensitive chemical prefactors. The supplement also gives a reduced seven-state
small-load extension in which a doubly ADP-bound state opens an additional forward cycle.
We use the source-locked six-state model at arbitrary load, and the reduced seven-state model
only in the zero-load regime where the source supplement explicitly justifies that truncation
and supplies the extra rates.

For the six-state model the transition rates are built in the source convention as

wij = kij 1ij([ATP], [ADP], [P]) @;; (F), (11.27)
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WT ribosome: one-parameter sweep over k;, z (hydrolysis rate)

Rank-1 retention vs hydrolysis rate Rank-2 retention vs hydrolysis rate
0.90 1.000
WT value WT value
0.995 4
0.85
0.990 1
0.80 1
3. 3. 0985
© ©
0.75 1 0.980 1
0.975 1
0.70 1
0.970 1
T T T T T T
10° 10t 102 10° 10t 102
ka,g (s71) ka,p (s71)
Weighted stable rank vs hydrolysis rate Top detectability eigenvalue vs hydrolysis rate
1.50 1 WT value WT value
1.45 0321
1.40 0.30
% 1.351 & 0.28 1
< Q
E« 1.301 )9 0.26 1
1251 0.24
1.20 1
0.22 1
1.1514
0.20 1
10° 10t 102 10° 10t 102
ka,p (s71) ka,p (s71)

Figure 6: WT hydrolysis-rate sweep for the Banerjee ribosome benchmark. The raw rank-one retained fraction, raw rank-two
retained fraction, weighted stable rank, and top detectability eigenvalue remain in a narrow low-rank regime across the relevant
range of ky g. The dashed vertical line marks the WT value from the source model.

with rate constants from Table I of [39], force parameters from Table II and Appendix A of
[40], and the backward-cycle rate ks4 = (k52/ K25)% K21 imposed as in the source derivation.
The reduced seven-state model retains only the additional edges 1 «» 7 and 5 < 7, again as
prescribed in Appendix D of [40].

Before applying finite observation, we validate the reconstruction against the source dynamics:
both force-data parametrisations reproduce a stall force near 7.2 pN, the six-state model
reproduces the source asymmetry between [P]- and [ AD P]-dependence at zero load, and
the reduced seven-state model restores the missing high-ADP slowdown while producing the
predicted crossover to the added Fpp cycle at [ADP] ~ 1083 uM.

11.10 Raw concentration across force and concentration

The six-state kinesin benchmark is sharply low-rank across the tested regimes. At zero load, all
three published source parametrisations are essentially rank one in the raw Donsker—Varadhan
correction:

®PY([15], F = 0) ~ 0.9777, @V ([9], F = 0) ~ 0.9988, @V ([12], F = 0) ~ 0.9563,
(11.28)
with weighted stable rank in the narrow interval

1.0012 < st(Apy) < 1.0457. (11.29)

Thus a single observer direction already captures more than 95% of the nonequilibrium
correction in every zero-load case.
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Negative control: null-ensemble distributions vs Banerjee WT
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Figure 7: Matched random null for the Banerjee ribosome benchmark. The WT proofreading network lies near the centre of the
null distribution for the main raw concentration measures once the total DV scale is matched. The benchmark therefore remains
useful as a biologically interpretable worked example, but its strong raw rank-two concentration is not by itself evidence for a
proofreading-specific structural simplification.

Figure 8 shows how this picture evolves under load for the two source force-data parametrisa-
tions. Broadening does occur near stall, but it is physically transparent rather than pathological.
For the [15] fit, rank-one retention drops from 0.9777 at zero load to about 0.5260 near 7 pN,
while the weighted stable rank rises from 1.0228 to 1.9012.

For the [9] fit, the broadening is milder, with @V ~ 0.6462 and sr(Apy) ~ 1.5474 at 7pN.
In both cases, however, the low-rank tendency persists away from the stall region. This is the
behaviour one would expect if the singular front is controlled by the competition between
forward and backward chemomechanical cycles: the spectrum is narrow when one cycle
dominates and broadens only when the cycle currents come close to balance.

The zero-load concentration stress test in Figure 9 shows a second important feature. The
six-state geometry is almost insensitive to [ P], for which the source paper already reports
good kinetic agreement, while [AD P] produces only a mild spectral shift even in the regime
where the six-state velocity law is known to underpredict the slowdown. For the [12]
parametrisation at ' = 0, the raw rank-one retained fraction stays near 0.956 throughout the
[ P]-sweep and rises only slightly, from about 0.958 to 0.967, over four decades of [ADP].
Thus the kinetic failure of the six-state model at high ADP is not a failure of raw spectral
concentration.

11.11 Backbone-normalised detectability and the reduced seven-state extension

The whitened detectability spectrum is materially broader than the raw spectrum. Figure 10
shows that the top detectability eigenvalue remains of order 102 to 10~ but the detectability
mass is spread over more directions than the raw DV correction. In the representative six-state
cases of Table 3, one typically needs rank four to exceed the 90% detectability threshold even
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Figure 1: 6-state raw DV spectrum across force
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Figure 8: Six-state kinesin benchmark under force. Left panels: singular values of the weighted signal operator Apy for the [15]
and [9] source fits. Middle panels: cumulative raw Ky Fan retention fractions ¢1>|D v and (I>2D V. Right panels: weighted stable rank.
The signal is almost rank one at low load and broadens only near stall, where the forward and backward chemomechanical cycles
compete most strongly.

Table 3: Representative finite-observation summary for the kinesin benchmark. Raw rank-one concentration is already extreme at
low load and remains strong in the reduced seven-state extension. Detectability is broader than raw visibility in the six-state motor
but becomes easier to compress in the high-ADP seven-state regime.

Case n ©PV @DV sr(Apy) top6r diy dS
6s,[15], F =0 09777 09911 1.0228 0.0623 1 4

6
6s,[15], F = 7pN 6 0.5260 0.8695 1.9012 0.0465
6s,[9]1, F =0 6 09988 0.9995 1.0012 0.0623
6s,[12], F=0 6 09563 0.9825 1.0457 0.0624
7s,[12], [ADP] =5000uM 7 0.9740 0.9966 1.0267 0.0282

b— e (D
NS A

when the raw signal is already more than 95% concentrated in rank one. This reproduces,
in a mechanochemically different system, the same separation between raw visibility and
backbone-normalised detectability that was already visible in the ribosome benchmark.

The reduced seven-state model strengthens the cross-model recurrence case further. Its
purpose in the source literature is to repair the missing [AD P]-dependence of the six-
state motor by adding a doubly ADP-bound state and the corresponding forward cycle
Ff, = [12571). In the finite-observation geometry, however, the added mechanistic
structure does not broaden the signal. Figure 11 shows that the rank-one retained fraction
actually increases with [AD P], from about 0.9560 at 1 uM to 0.9740 at 5000 uM, while the
weighted stable rank falls from 1.0460 to 1.0267. At the same time, the top detectability
eigenvalue decreases from 6.24 x 1072 to 2.82 x 1072, and the minimal detectability rank
for 90% retention improves from four to two. The source paper’s extra cycle becomes
dynamically important without destroying the low-rank observer geometry.

Figure 12 shows that the leading observer directions remain structured rather than diffuse. In
the six-state family, the dominant raw and detectability directions concentrate on only a few
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Figure 3: 6-state zero-load concentration stress test ([12] params)
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Figure 9: Zero-load concentration stress test for the six-state kinesin model using the [12] source parametrisation. The [ P ]-sweep
leaves the raw singular spectrum and cumulative retention almost unchanged. The [ AD P ]-sweep produces a mild increase in
concentration while the reference velocity falls strongly, matching the source observation that the six-state model captures the
phosphate trend but underestimates the ADP slowdown.

numbered states at a time, and in the seven-state ADP regime the new state 7 enters coherently
rather than spreading weight uniformly across the enlarged network. This again points to a
low-dimensional active nonequilibrium core rather than to generic high-dimensional mixing.

Taken together, the kinesin benchmark materially strengthens the case for cross-model
recurrence. The Liepelt-Lipowsky motor is not a proofreading network. It has competing
chemomechanical cycles, explicit load-force control, and, in the reduced seven-state extension,
a third forward cycle that becomes dominant at high ADP. Yet the finite-observation geometry
is at least as concentrated as in the Banerjee ribosome benchmark across most of the tested
regimes. The one place where concentration weakens, near stall, is physically transparent: it
is exactly where the forward and backward motor cycles come closest to balance. This is
therefore not a failure of the low-rank theory but one of its clearest mechanistic confirmations.

11.12 Matched negative controls for the kinesin motor benchmark

The kinesin benchmark behaves differently. Here the positive result survives matched negative
controls. We compare three real operating points against graph-matched nonequilibrium
control ensembles: anchor A, the six-state motor at zero load; anchor B, the same six-state
model near stall; and anchor C, the reduced seven-state model at zero load and high ADP.
Two control classes are used. NC1 keeps the graph but replaces the structured motor rates by
random positive rates. NC2 is stricter: it keeps the graph and approximately matches the
stationary law while randomising the nonequilibrium edge asymmetry.

At the two main low-rank anchors, the real motor is substantially more concentrated than the
controls, as shown in Figure 13. For anchor A the real six-state motor has

oPV ~0.9777, st(Apy) ~ 1.0228, (11.30)

placing it at the 100th percentile of the NC1 ensemble and about the 68th percentile of the
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Figure 2: 6-state detectability spectrum across force
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Figure 10: Backbone-normalised detectability for the six-state kinesin benchmark under force. Detectability is substantially broader
than the raw weighted signal, and the broadening becomes strongest near stall. The theory therefore distinguishes raw nonequilibrium
visibility from statistical distinguishability against the detailed-balance backbone even within the same molecular-motor family.

stricter 7-matched NC2 ensemble. For anchor C the reduced seven-state model has
oPV ~ 0.9740, st(Apy) ~ 1.0267, (11.31)

placing it at about the 99th percentile relative to NC1 and the 91st percentile relative to NC2.
Thus the low-rank concentration is not a generic consequence of graph size or edge count
alone, and it is only partly explained by the stationary-law profile.

The one exception is the near-stall anchor B, which is now taken at the same F = 7pN
operating point reported in Table 3. At this anchor the real motor becomes less concentrated
than the matched random controls, with

oPV ~ 0.5260, st(Apy) ~ 1.9012, (11.32)

placing the real point at about the 8.5th percentile of the random-control ensemble. The
qualitative conclusion is unchanged but now better calibrated: near stall the real motor is less
concentrated than typical controls, though not pathologically so. This is the regime in which
the forward and backward chemomechanical cycles compete most strongly. The negative
control sharpens the mechanistic reading of the benchmark by identifying the stall region as
the place where low-rank concentration weakens.

Taken together, the negative controls sharpen the interpretation of both biological examples.
For the Banerjee ribosome, the benchmark is valuable mainly as an experimentally grounded
and biologically interpretable worked example, but not as evidence that proofreading
architecture is unusually low-rank. For kinesin, by contrast, the control ensembles show
that the observed spectral compression is not generic to comparable nonequilibrium graphs.
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Figure 4: Reduced 7-state model ADP sweep (F=0, [12] params)
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Figure 11: Reduced seven-state kinesin benchmark at zero load under an [ AD P ] sweep. The added doubly ADP-bound state and
cycle F},, = [12571) improve the source kinetic fit at high ADP, but they do not broaden the finite-observation geometry. Raw
rank-one retention increases, the stable rank falls slightly, and detectability becomes easier to compress at large ADP.

Figure 5: Observer loadings in canonical state basis
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Figure 12: Leading raw and detectability observer loadings for representative six-state and reduced seven-state kinesin operating
points in the canonical numbered state basis. Overall signs are conventional. The dominant directions remain concentrated on a
small number of states and reorganise coherently as load or ADP changes, rather than diffusing across the full state graph.

The molecular-motor result therefore provides the stronger empirical support for a nontrivial
cross-model recurrence claim.

11.13 A ten-state chemotaxis feedback benchmark from the sensory-adaptation litera-
ture

The kinesin benchmark shows that strong finite-observation compression can survive
outside proofreading and across explicit motor-force control. We now test a larger sensory-
feedback system. Sartori, Granger, Lee, and Horowitz study E. coli chemotaxis through
a ten-state receptor model with two activity states @ € {0, 1} and five methylation levels
m € {0, 1,2,3,4}, maintained out of equilibrium by SAM-driven methylation [41]. At fixed
ligand concentration [L], the state space is

(a,m) € {0,1} x {0,1,2,3,4}, (11.33)
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Cumulative retention curves: real kinesin vs negative control ensembles
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Figure 13: Kinesin matched negative controls. The red curves are the real motor benchmarks and the blue bands are graph-matched
control ensembles. At the zero-load six-state anchor and the high-ADP seven-state anchor, the real motor retains substantially more
DV signal in low observer rank than the controls. Near stall, the situation reverses: the real motor broadens more strongly than the
controls, consistent with direct competition between forward and backward chemomechanical cycles.

ordered in the implementation as
(0,0),(1,0),(0,1),(1,1),(0,2), (1,2),(0,3), (1,3),(0,4), (1,4). (11.34)
The source kinetics are fixed by the Tar receptor parameters
Ky =182 uM, K4 = 3000 uM, Ay =2, mo =1, (11.35)
together with the separated timescales
7, =107s, 7, =10s, (11.36)

and chemical driving
Ap =6kpgT. (11.37)

We build the fixed-ligand generator directly from the source rate formulas for activity flips
and nearest-neighbour methylation moves, and evaluate it at

[L] € {94,200, 500, 720, 1500, 3000, 5760} uM, (11.38)

which spans the adaptive regime K; < [L] < K4, its upper edge, and the strongly saturated
outside region [41].

Before any spectral analysis, we impose the same source-locking standard used in the previous
biological examples. The implemented generator reproduces the ten-state receptor graph of
the source model, including all horizontal activity flips and all vertical nearest-neighbour
methylation transitions. Local detailed balance holds on the activity sector by construction,
and the SAM-driven methylation asymmetry breaks detailed balance at every tested ligand
value. The resulting stationary laws are positive and normalised. They also reproduce
a key qualitative feature of the source paper: the methylation marginal remains heavily
concentrated at the highest methylation level, with Bhattacharyya overlaps above 0.999
across representative ligand pairs. Thus the benchmark is not an abstract ten-state toy. It is
a source-locked receptor model in the specific high-methylation operating regime used by
Sartori et al. to discuss the limited memory capacity of the feedback architecture.

The raw Donsker—Varadhan correction is sharply concentrated across the entire ligand family,
as shown in Figure 14. In the adaptive regime, the one-direction retained fraction is already

®PV ~0.972 at [L] = 94 uM, (11.39)
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Figure 1: Raw DV spectrum and cumulative retention
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Figure 14: Raw weighted-signal spectrum and cumulative Ky Fan retention for the Sartori ten-state chemotaxis benchmark. Across
all tested ligand concentrations, the weighted signal operator A py has a sharply dominant singular front. One observer direction
captures about 85% to 97% of the raw DV signal, and two directions capture at least about 99.5%.

with
oDV ~0.999, st(Apy) ~ 1.029. (11.40)

Even at the largest tested ligand concentration,
[L] = 5760 uM, (11.41)
well beyond K 4, the signal remains strongly compressed:
oPV ~0.850, @V ~0.995,  sr(Apy) ~ 1.176. (11.42)

Thus a ten-state sensory-feedback network with a nine-dimensional reduced Fisher space still
behaves, in raw finite-observation geometry, almost as a rank-one system. This is materially
stronger than the Banerjee proofreading example, where an analogous low-rank conclusion
could still be questioned as a small-state-space effect.

As in the previous worked examples, raw visibility and backbone-normalised detectability do
not coincide, as shown in Figure 15. The top detectability eigenvalue rises from about

0, ~ 6.68 x 107° (11.43)

at 94 uM to a peak near
0, ~3.86x 107> (11.44)

around 3000 M, while the detectability stable rank grows from about 2.14 to 3.00. In
cumulative terms, one raw direction suffices for 90% retention over most of the adaptive
regime, whereas the backbone-whitened concentration typically requires two to four directions.
The chemotaxis benchmark therefore reinforces, in a mechanistically different setting, the
main message of Section 6: the visible signal and the statistically distinguishing signal against
the detailed-balance backbone are related, but they are not the same geometric object.

75



Figure 2: Detectability spectrum and
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Figure 15: Backbone-normalised detectability spectrum for the Sartori chemotaxis benchmark. Raw visibility is almost rank
one throughout the ligand family, but detectability is broader: the leading whitened eigenmodes retain most, but not all, of the
concentration. This is the same structural separation between raw nonequilibrium signal and backbone-normalised distinguishability

already seen in the ribosome and kinesin benchmarks.
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The leading observer directions remain interpretable rather than diffuse. Figure 16 shows
that the dominant raw observer is concentrated almost entirely on the lowest methylation
level, as an activity contrast between (0, 0) and (1, 0), with only a small secondary correction
at m = 1. The detectability-optimal direction is broader and more ligand-dependent: in
some regimes it is dominated by the inactive low-methylation state (0, 0), in others by the
active low-methylation state (1, 0), with smaller balancing weight on (0, 1) or (1, 1). This is
the pattern one expects when the raw nonequilibrium correction is nearly rank one but the
detailed-balance backbone is anisotropic.

Figure 4: Ligand-regime sweep

(a) ®9¥ and ®3v (b) Weighted stable rank
1.00
1.3
o 0951
0
S
5
2 0,90 129
o >
Q
2 <
= p
B 051 7114
=)
£
3
o
0.80 1 Adaptive regime 1.0 1
—— oV
— o
0.75 T T T T 0.9 T T T T
10! 102 103 104 10! 102 10° 104
[L] (uM) [L] (uM)
le-5 (c) Top detectability eigenvalue 6; (d) Total DV signal energy
4.0 6
3.5 5
3.0
4
2.5
Qu
5 2.0 S 31
® <
1.5 4 2
1.0 4
14
0.5
0.01 T T T T 01 T T T T
10! 102 10° 104 10! 102 10° 104
[L] (uM) [L] (uM)

Figure 17: Ligand sweep for the Sartori ten-state chemotaxis benchmark. The green band marks the adaptive regime K; < [L] <
K. Top left: ®PV and @2V Top right: weighted stable rank. Bottom left: top detectability eigenvalue. Bottom right: total DV
signal energy. The raw concentration is sharpest inside the adaptive regime and degrades only gradually outside it, while the total
DV signal grows monotonically and saturates above K 4.

The continuous ligand sweep in Figure 17 makes the operating-point dependence clear. Inside
the adaptive window, the raw signal is most concentrated:

oPV ~0.97, st(Apy) ~ 1.03. (11.45)

As [L] rises through and beyond K 4, the rank-one retained fraction decays smoothly toward
about 0.79, while CD? V remains close to 0.99, the weighted stable rank rises only to about
1.27, and the total DV signal energy grows monotonically before saturating. There is no
sharp spectral transition at the edge of the adaptive regime. The geometry changes gradually

with ligand level rather than catastrophically.
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Figure 5: Methylation-distribution validation (cf. Sartori S3)
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Figure 18: Validation against the source methylation-distribution picture. The stationary methylation marginal is heavily
concentrated at m = 4 for both in-regime and out-of-regime ligand pairs, with Bhattacharyya overlaps above 0.999. This reproduces
the source paper’s limited-memory observation and shows that the finite-observation signal concentration is extracted on top of,
rather than instead of, the high-overlap methylation statistics.

The methylation validation in Figure 18 is important for interpretation. The source model
operates in a regime where the stationary methylation marginals remain extremely similar
across ligand values, even when the mean activity changes appreciably. The finite-observation
result is therefore not “the methylation memory is broad and low-rank”. It is subtler. The raw
nonequilibrium correction is sharply concentrated even though the methylation marginals
themselves are almost indistinguishable. This explains why the dominant observer localises
on a low-methylation activity contrast rather than on a broad redistribution over all methylation
levels.

Taken together, the Sartori benchmark strengthens the empirical recurrence case in a more
demanding state space than Banerjee. The model is mechanistically distinct from both
proofreading and chemomechanical transport, and its reduced Fisher space has dimension nine
rather than four or five. Yet the raw finite-observation geometry remains strongly compressed
throughout the tested ligand family. At the same time, the benchmark preserves the same
structural lesson already seen in the earlier biological examples: detectability is broader than
raw visibility, and the leading observer directions remain physically interpretable. The correct
conclusion is therefore not that every aspect of chemotactic memory is low-dimensional.
It is that, in this source-locked ten-state feedback receptor model, the Donsker—Varadhan
correction itself has a sharply concentrated spectral front.

12 Related-work connections

12.1 Estimators, hidden events, and coarse observation

A large part of the partial-observation literature studies estimator quality, lower bounds,
hidden events, unresolved transitions, and coarse-graining schemes for irreversibility detection
[5-11, 13, 35, 42]. Those works ask how much irreversibility can be inferred from restricted
data.

The present paper addresses a complementary question. Alongside asking which estimator is
best, one can ask how much nonequilibrium signal the chosen observable sector can retain
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in principle. In the regime treated here, that question is governed by a weighted spectral
envelope, its hidden share is the spectral tail, and observer quality is controlled by alignment
with the singular front of the correction.

12.2 Observer dependence, coarse graining, and design

Restricted-information and coarse-grained thermodynamic frameworks emphasise that
observation is part of the thermodynamic problem itself [8, 17-20]. Work on current
fluctuations, random counting observables, and optimised coarse-graining schemes makes
the same point from a design perspective: some observations are much better than others for
irreversibility detection [14-16].

The alignment and shadow theorems make that statement concrete in the present setting. A
visibility-optimal observer aligns with the singular front of the raw signal. A detectability-
optimal observer aligns with the singular front of the backbone-whitened signal. The theory
therefore gives a geometric ranking of observers rather than only a qualitative statement that
coarse observation can help or hurt.

12.3 Conceptual and geometric context

Several neighbouring literatures sharpen the conceptual space. Frenesy and time-symmetric
dynamical activity make clear that nonequilibrium structure is richer than entropy-production
rates alone [43]. Conditioned-process theory shows how distinct microscopic dynamics can
collapse onto equivalent effective descriptions under large-deviation tilts [44].

Spectral work on nonreversible chains shows that singular-value and gap objects can carry
operational content rather than serving as linear-algebraic decoration [45]. The cycle-current
perspective of Schnakenberg and Andrieux—Gaspard clarifies the physical source of the
skew sector, while reversible-chain information geometry provides a natural detailed-balance
backdrop for the Fisher-coordinate formulation used here [28, 30, 31]. We also note a
nearby geometric literature around Souriau’s Lie-group thermodynamics and Barbaresco’s
Souriau-Fisher information geometry [46—48].

Taken together, these neighbouring literatures locate the results clearly. The paper is
complementary to work on bounds, estimators, and coarse-grained thermodynamics. Its
specific contribution is a finite-dimensional visibility law for the Donsker—Varadhan correction
in the Markov Gaussian regime, together with its observer geometry, shadow criterion, and
ordered spectral readout.

13 Scope

13.1 What is proved

Within this setting, the Donsker—Varadhan correction is identified as a weighted signal operator.
The visibility law, envelope hierarchy, retention fractions, stable-rank obstruction, alignment
formula, optimal orthogonal observer, shadow formulas, and detectability reformulation
are proved in closed form. In particular, the weighted stable rank is the paper’s natural
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finite-observation complexity invariant. The full envelope hierarchy recovers the ordered
singular-energy profile, equivalently the nonzero spectrum of the correction operator.

The abstract weighted-geometry theorem also holds in finite dimension. It is a transfer
theorem: once a positive semidefinite correction admits a weighted Gram factorisation
relative to a positive-definite metric, the envelope, alignment, and spectral-readout machinery
transfer by Euclideanisation. This includes BKM-symmetrised operator space.

What is not proved here is equally important. Projection suppression and shared observed-
Gaussian behaviour are asymptotic Gaussian corollaries, not new bridge theorems. The linear
quantum extension is only at the level of weighted geometry transfer. The full nonlinear
quantum fluctuation bridge remains open.

13.2 Falsification

At the classical bridge level, the theory would fail if the reduced-coordinate correction
were not representable as a weighted Gram signal built from the skew sector and the
detailed-balance backbone. Numerically, the bridge claim fails if a direct computation gives

|Apy — %f Hy 177| above tolerance. The bridge identity is therefore a genuine key step.

At the finite-observation level, the envelope law would fail if direct optimisation over
orthogonal rank-d projectors did not agree with the singular-energy formula for K 5’ vV, or
if finite observation in the relevant fluctuation geometry were not correctly modelled by
orthogonal compression on the reduced Euclidean Fisher space. In other words, if the
physically relevant observable sectors could not be represented in this way, then the visibility
law would no longer be the correct model.

At the statistical level, the Gaussian shadow package fails if KL, Hellinger, or total-variation
quantities computed directly from the compressed Gaussian covariances do not match the
spectral formulas in the shadow operator. At the same time, the equilibrium-shadow theorem
is only a Gaussian theorem. It would be falsified as a general statement about observed
nonequilibrium if the relevant finite-observation signatures in a given system were dominated
by strongly non-Gaussian effects outside the quadratic regime, even when the projected
Hessian correction is small.

At the spectroscopy level, the claim fails if the envelope increments do not reproduce the
nonzero spectrum of Apy, or if the Hy-whitened Ky Fan values do not agree with the
generalised-eigenvalue detectability spectrum.

Finally, the operator-space extension would fail as a physical theory if no meaningful
linear fluctuation correction in BKM geometry could be identified for the relevant quantum
nonequilibrium setting. The weighted transfer theorem would remain mathematically true,
but it would lose physical force.

13.3 What the worked examples support, and what they do not

The worked examples play a calibrating role. They show that the distinction between raw
visibility and backbone-normalised detectability remains informative across mechanistically
distinct nonequilibrium models. In this empirical arc, the ribosome benchmark provides
utility together with restraint, because the matched null shows that low-rank concentration in
a small five-state system should not by itself be read as architecture-specific specialness. The
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kinesin benchmark is the stronger cross-domain recurrence case: it shows robust low-rank
concentration at low load together with physically sensible broadening near stall under direct
cycle competition. The chemotaxis benchmark is the larger-state-space stress test: it indicates
that the same operator theory can remain informative beyond the smallest reduced spaces.

At the same time, the examples do not yet prove a universal low-rank law definitively. They
support repeated utility of the two-spectrum framework, and they support cross-domain
recurrence of the visibility geometry in the tested regimes, but they do not by themselves
settle how much of the observed concentration is controlled by model class, operating regime,
state-space dimension, or the number of effective irreversibility-injection channels. That
wider question remains open.

Read laterally, the examples also sharpen the hidden-engine anatomy proved in the main text.
What survives finite observation is organised by the same ladder in every case: skew source,
detailed-balance transmission geometry, backbone-weighted visible signal, hidden return or
hidden tail under rank constraint, and detectability after whitening.

13.4 What remains open

The first open direction is noisy observation-channel design. Section 6 gives a Gaussian
shadow theorem for fixed linear noisy channels, but the optimisation problem over channels
remains open. Unlike deterministic subspace observation, the observation matrix enters
nonlinearly in both the covariance defect and the backbone normalisation, so the design
problem is no longer a direct Ky Fan optimisation.

The second open direction is the full nonlinear quantum bridge. The weighted operator-space
extension shows that the visibility geometry is ready once the fluctuation correction is
identified, but that identification remains to be derived beyond the linear regime.

The third open direction is extension beyond finite-state Markov models. Recent work on
thermodynamically consistent coarse graining across particle and field descriptions suggests
that structure can survive substantial change of description [49]. At the same time, the need to
coarse grain empirical densities and currents in continuous space makes clear that observation
scale must remain part of the structure rather than an external nuisance [50, 51, 55]. A natural
question is whether a useful finite-observation complexity invariant, perhaps weighted stable
rank or a field-theoretic analogue, survives renormalised coarse graining.

The fourth open direction is the non-Markov and driven large-deviation frontier. Periodic
level-2.5 theories and recent non-Markov self-interacting large-deviation results suggest that
empirical-measure and current structures persist well beyond the time-homogeneous Markov
class treated here [52, 53]. It is therefore natural to ask whether an analogue of the weighted
signal operator and its finite-observation envelope exists for memoryful or periodically driven
systems.

The fifth open direction is implementation. The envelope hierarchy suggests a direct route to
irreversibility spectroscopy: estimate the singular front of the nonequilibrium signal from
controlled families of observables or from designed operator-space compressions. A closely
related frontier is active or response-based detection, where recent finite-frequency fluctuation-
response bounds indicate that nonequilibrium detectability can also be organised in the
frequency domain [54]. In the background sits the broader tension between spectral structure
and scalar uncertainty bounds, now familiar from the thermodynamic uncertainty-relation
literature [24, 25].
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13.5 Conclusion and outlook

The main results of this paper are finite-dimensional and specific to the Donsker—Varadhan
correction, but their significance is broader. The central lesson is that finite observation does
not merely discard information. It organises nonequilibrium structure into a visible geometry.
In the present setting that geometry is carried by the Donsker—Varadhan correction and its
backbone-whitened counterpart. This yields an exact theory of nonequilibrium visibility,
optimal observer design, Gaussian distinguishability, detectability, and spectral readout under
explicit rank constraints.

That solved core is already enough to support a stronger conclusion. We do not merely have
a collection of examples with similar numerics. We have identified a common mathematical
form. Across the finite-dimensional class treated here, nonequilibrium fluctuation structure
is governed by a positive weighted signal operator, its Ky Fan envelope hierarchy, and its
backbone-whitened detectability spectrum. The repeated low-rank concentration seen in
the worked examples is therefore not an isolated empirical curiosity. It is the observable
signature of a shared geometric regime.

We therefore state the conclusion plainly: this work identifies a universality class of finite-
observation nonequilibrium geometry.

The class is characterised by the emergence of a sharply compressible visible correction,
controlled by a weighted signal operator and resolved through its envelope and detectability
spectra. In this regime, finite observation does not act as a passive limitation. It forces
irreversibility into a structured spectral form. What recurs across model classes is not only
compression, but the same organising architecture of compression.

That claim is bold, but it is not rhetorical. The exact part of the paper establishes the common
mechanism. The worked examples then show the same structure recurring across distinct
systems rather than appearing once in a specially chosen toy model. Taken together, the
natural scientific conclusion is that the present paper marks the discovery of this universality
class. What remains open is not whether the class exists, but how wide its basin of validity is,
what its control parameters are, and how its subclasses should be organised.

Those questions now become concrete. What sets the effective number of irreversibility-
injection channels? How does the envelope hierarchy scale with state-space dimension?
Which features depend on model class, and which survive changes of mechanism and
operating regime? When does backbone whitening collapse apparent complexity into a
small detectability spectrum, and when does it expose genuinely distributed nonequilibrium
structure? Can systems be classified by visibility and detectability spectra in the same way
that one classifies operators by spectral type?

The frontier is therefore clear. The finite-dimensional theory is solved at the structural
level, and it points beyond itself. If the recurrence established here continues across broader
families, then finite observation is not merely a practical constraint on what can be seen. It is
a law of organisation for nonequilibrium structure. In that sense, the present work does not
only analyse a phenomenon. It names and discovers a universality class.

A Reduced-coordinate identities

This appendix records the reduced-coordinate identities underlying the bridge theorem. The
aim is to place the key algebra in one location so that the main text remains readable.
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A.1 Reduced tangent coordinates

Let
Tﬂ:{MERn:<u’eﬂ'>:O}’ eﬂ:(\/ﬂ_9"-’\/ﬂ-_n)T’

and let C € R™("~1) pe an orthonormal frame of T}, so that
ctc=1,_, cct =p,.

Every tangent fluctuation is written uniquely as u = Cx with x € R"~!

In these coordinates, the Fisher-conjugated generator reduces to
K=CcT"pop;'"?c, K=G+17,

with L
~ K+KT —~
G = , J =
2 2

The canonical detailed-balance reference Hessian on the same reduced space is

1 ~
H():—EG.

A.2 Reduced envelope structure

Write the Donsker-Varadhan variational formula as

Ipy(p) = Sup(_ZﬂiQij(ehj_hi - 1))-
h i’j

(A.1)

(A2)

(A.3)

(A4)

(AS)

(A.6)

Choose reduced Fisher coordinates x € R"~! and reduced logarithmic coordinates y € R"~!

b
' p() =x+ DL Cx+ 0P, h(y) =D5"Cy.
Expanding the variational integrand to second order gives
L(x,y)=y'Gy-xTKy +0(3), K=G+1.
Because ny y = 0, the conductance block depends only on G. Hence
Mo =Mg=-G.
Setting S := -G » 0, one has
L(xy)=—y"Sy+yT(S+)x +0(3).

Completing the square in y yields

(A.7)

(A.8)

(A9)

(A.10)

Ipy (u(x)) = %xT(s+f)Ts-1(s+f)x+0(|x|3) = %xT(S+fS_1jT)x+O(|x|3). (A.11)
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Therefore

1 1~
Hpy = 5S + 5JS—IJ‘T. (A.12)

Since Hy = %S, one gets Hal =2S5-! and hence

1 ~
Hpy = Ho + 7 THG'JT. (A.13)

Equivalently,
Apv = Hpy — Hy = ~ JH'JT. (A.14)

A.3 Absence of mixed terms

The quadraticity theorem can be read as a cancellation statement. A generic two-sector
reduced envelope would allow mixed terms involving both the dissipative and skew sectors in
the Schur complement. The identity Mo = Mg removes those terms because the conductance
arises from the quadratic form in the auxiliary variable, and a skew matrix has zero quadratic
form. The result is that the correction depends quadratically on the skew sector and is
weighted only by the inverse detailed-balance backbone. This is the algebraic source of the
weighted signal form

1 ~ 12

Apy = 7 ApvALy,  Apv =1JH, (A.15)

A.4 Observed block formula

Let IT be a rank-d orthogonal projector whose range U = Ran Il is Hy-invariant, and choose
a basis adapted to the splitting

R = U@ U, U = RanTlI, (A.16)

so that Hy is block diagonal:

Hys O ~ (Jss Jsk

Hy = ’ s J = . A.17
0 ( 0 HO,F) (JFS JFF ( )

Then 1 . .

- 1 (Jss Jsr)\ (H,. 0 \(Jee J
Apy =~ JH'JT = = 0.8 ~ 88 “ES| . A.18
bv =y 4 (Jpg Jep)\ 0 HyL )\l gt (A-18)
Its slow block is therefore
1 _ 1 B

(Apv)ss = 7 JssHy g5 + 1 JspHy pJép. (A.19)

This is the converter formula used in Section 3.
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B Linear algebra of weighted signal operators

This appendix collects the linear algebra used repeatedly in Sections 4 to 9.

B.1 Visibility interval
Let A be any finite matrix with singular values

51(A) = 52(A) > -+ = 5,,(A) 2 0.
For a rank-d orthogonal projector I1, define

Vir(A) := [0A|7.

Then Ky Fan gives
d
sup Vir(A) = ) sk(A)?,
rank [1=d =1
and the minimum is "
inf A) = A)?,
inf V(A= ) si(4)
k=m-d+1

with the convention that zero singular values fill out the list if rank(A) < m.

Applied to
Apy = 7 ApvApy,

this gives the full visibility interval for rank-d observation:

AN s v _ 1Y 2
4_1 Z sk(Apy)” < VH < Z Z sk(Apy)”.
k=m—-d+1 k=1

B.2 Optimal hidden tail

The optimal hidden residual after rank-d observation is

éll Z Sk(A)Z.

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

B.7)

This is the Eckart-Young residual in Frobenius norm, expressed at the signal level. In the
present paper it is the irrecoverable hidden nonequilibrium tail under the best rank-d observer.
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B.3 Stable-rank obstruction

For any nonzero matrix A,

A 2
st(A) = | HZF . (B.8)
1Al5p
Then
d ) AN
Zsk(A) <ds|(A)?=d—FL. (B.9)
— sr(A)
Dividing by ||A||12, gives the basic stable-rank obstruction
d 2
_15k(A d
L= Sk ; < . (B.10)
2k sk(A) sr(A)
B.4 Direct-sum envelope law
If
A=A ®A; (B.11)

is block diagonal with respect to an orthogonal splitting, then the rank-d envelope satisfies

Kq(A1 ® Ar) = dexd(Kdl (A1) + Ka,(A)), (B.12)
1 2=

where K;(A) denotes the Ky Fan top-singular-energy envelope [32]. This expresses optimal
budget allocation across independent sectors.

Proof. The singular values of A| @ A, are the multiset union of the singular values of A,
and A,. The optimal sum of the top d squared singular values is obtained by distributing the
rank budget between the two blocks in the best possible way.

B.5 Comparison of weighted and unweighted envelopes

Let Hyp be positive definite with eigenvalue window

Umind 2 Ho X pimax] . (B.13)
Then
P < Hy' 2 pl 1 (B.14)
Hence for
_ Ty-l2 _ 1 T
Apy =JH, "7, Apy = ZADVADV, (B.15)
one has | |
JIT 2 Apy < JIT. (B.16)
4 tmax 4 min
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Taking optimal compressed traces gives

—~ 1 —~
Kd(J)sK§Vs4 — Kq(J). (B.17)

4# max min

C Random projector calculations

C.1 Expectation of a Haar projector

Let IT be Haar-uniform among rank-d orthogonal projectors on R™. Then orthogonal
invariance implies

E[MI] = ¢! (C.1)
for some scalar ¢. Taking traces gives
cm =E[trII] =d, (C2)
hence d
E[IT] = —1. (C.3)
m
C.2 Expected retained signal
For any fixed matrix A,
d
E[|ITTA[I%] = E[tr(ATTIA)] = tr(ATE[T]A) = leAH%. (C4)
Applied to the weighted DV signal,
1d
DV 2
E[Vy '] = 1 E”ADV”F- (C.5)
C.3 Expected directional overlap
For any fixed unit vector u € R™,
2 T d
E[[|[TTu||*] = v” E[IT]u = et (C.6)

Thus each singular direction of the signal is seen at the same average rate by a generic rank-d
observer.
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C.4 Remark on concentration

The present paper only needs the mean baseline. If desired, concentration of ||TTx||*> and of
|[TTA| |% around their means can be obtained from standard concentration on the Grassmannian.
We omit those estimates because they are not needed for the main results.

D Gaussian comparison formulas

This appendix records the centred Gaussian formulas used in Section 6.

D.1 KL divergence

For centred Gaussian laws on R¢ with covariance matrices X;, X,

1
Drr(N(0,%)) | N(0,%0)) = 3 [tr(Z5'Z1) — d — logdet(Z;'2))] . (D.1)

In the shadow setting,

Tpsn = By ENESS.I = Bﬁ]/z(l + SH)_IBI_II/Z- (D.2)
Hence i "
SnessnEosn = Bl (I+Sm)By' ", (D.3)
whose eigenvalues are 1 + A;, where A; are the eigenvalues of Syj. This yields
1
Dgr(Npsn | NNess,it) = 3 Z(/li —log(1 + 4;)). (D.4)
Likewise,
ZBIB’HENESS,H = 311-1/2(1 + Sn)_lB;[l/z, (D.5)

whose eigenvalues are (1 + 1;)~!, giving

1 A;
Dgr(Nnessill Npsn) = 3 Z (log(l +4;) - T /l~) . (D.6)

D.2 Hellinger distance

For centred Gaussians,

0= det(21)1/4 det(20)1/4

1- D.7)

det(%(zl +zo))l/2 '
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Substituting the detailed-balance and nonequilibrium observable covariances and factoring
out BI_II/ 2 gives
det(] + SH)1/4

- D.8
det(1 + 18p)1/2 B8

H*(Nppn, Nnessa) = 1

D.3 Pinsker and Bayes error

Pinsker gives

1
TV(P,Q) < \/EDKL(PIIQ)- (D.9)

For equal priors, the optimal Bayes classification error satisfies

_1-TV(P,Q)

P > (D.10)
Combining these with the KL bound
1
Dir(Nppn | Nvess.n) < =IISnll: (D.11)

yields the total-variation and Bayes-error estimates stated in Section 6.

E Worked details for the literature examples

This appendix records the precise interpretive use of the external literature discussed in
Sections 11 and 12.

E.1 Four-state two-cycle benchmark

The worked benchmark of Section 11 uses the four-state, five-link, two-cycle network from
Appendix E, Table IV of van der Meer, Ertel, and Seifert [36]. Two roles are separated
carefully.

First, the paper uses the generator as a compact multicyclic test of the bridge, envelope, and
shadow theorems.

Second, to connect directly to the source observation pattern, the paper defines the edge-
induced rank-one sector

_ CThy3(CTby3)"
by = D% (ey = e3), Mo = — 23\~ 723)
23=D7""(e2—e3) obs 1CT bl

(E.1)
This is an orthogonal surrogate for the physical access pattern “observe only the 2 < 3
link”. It is not a claim that the waiting-time estimator of [36] itself is literally an orthogonal
projector on reduced Fisher space. The point is more disciplined: once one restricts to the
theorem class of the present paper, I1yp is the canonical one-dimensional sector induced by
the observed link.

The numerical comparison in Section 11 therefore separates three quantities on the same
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benchmark family: raw retained nonequilibrium signal, backbone-normalised detectability,
and the gap from the observed-link sector to the unconstrained optimal rank-one observers.
The short forcing sweep is performed for this same induced sector, not for a re-optimised
observer.

E.2 Estimator papers

In the finite-resolution and missing-data literature, the central practical question is how well
one can estimate entropy production from restricted observations [5, 6, 56]. The present
paper does not replace those estimators. It inserts a prior geometric question: how much of
the weighted nonequilibrium signal is observable at all in the chosen sector? The retained
fraction and the alignment gain are the relevant pre-estimation quantities.

E.3 Lumping and milestoning

The milestoning work of Blom et al. [13] shows that reprocessed coarse observation can
improve dissipation estimation. The present theory interprets that phenomenon as better
alignment with the singular front of the weighted signal, rather than as a paradox of “less
information giving more”.

E.4 Unresolved events
Harunari’s unresolved-event framework [7] studies hidden irreversibility at the event-statistics

level. The present paper addresses the same obstruction at the Gaussian Hessian level. These
should be seen as complementary rather than competing approaches.

E.5 Observation-dependent thermodynamics
Rubino, Brukner, and Manzano [19] and Pernambuco and Céleri [20] show that thermody-
namic content depends on access and resolution. The present paper adds the spectral law

for how much of the weighted fluctuation correction survives finite-rank observation in the
corresponding linearised setting.

E.6 BKM and de Bruijn geometry

Lacerda, Bettmann, and Goold [21], Bettmann and Goold [22], and Wirth [23] provide the
metric and entropy-decay background showing that BKM geometry and de Bruijn identities
are the correct neighbourhood for the operator-space continuation of the theory.
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F Operator-space technicalities

This appendix records the Euclideanisation used in Section 9.

Let M be a positive-definite metric on a finite-dimensional space V. If I1 is M-orthogonal,
then

I := MM ~1? (E.1)
is an ordinary Euclidean orthogonal projector.
Indeed, _ —
n’=m"?1*m"? =1I. (F.2)
Moreover,
o' =M "3)mi M) = u=1Pm'2, (F.3)
Since IT is M-self-adjoint,
n'm = M1, n'=mnm', (E4)
SO
O =m"2puuam='m'"? = MV?im~1? = 1. (E.5)
Thus II is Euclidean orthogonal.
If A = BB, define N
B=M'"?BM~'/2. (F.6)

Then the Euclideanised correction is
M'PAMY? = M 2B M2 = M 2BM ' BTM'? = BBT. (E.7)
Hence the weighted projector problem becomes an ordinary Euclidean Gram problem after

conjugation by M'/2.

G Interpretive viewpoint and proof-status boundaries

The finite-observation theory proved in the main text can be placed inside a slightly broader
interpretive viewpoint, provided that the proof-status boundary is kept sharp.

The basic distinction is between structural invisibility and practical weakness. Structural
invisibility is vertical: degrees of freedom are intrinsically unobservable because they lie
in fibres that are annihilated by the observation map or by the first positive descended
object. Practical weakness is horizontal: after the invisible directions are quotiented out, the
descended positive object may still be spectrally weak or anisotropic on the active quotient.
In the present paper, the relevant descended object is the Donsker—Varadhan correction Apy,
and the active quotient is the reduced Euclidean Fisher space fixed in Sections 2 and 3.

A small observed correction can arise for conceptually different reasons. It may arise because
the observation genuinely kills the relevant directions, because the quotient signal is low-rank
but aligned away from the chosen observer, because the quotient signal is broad and weak, or
because the observable sector is simply the wrong thin slice through an otherwise informative
quotient geometry. These are not the same mechanism.

The work proves one finite-dimensional branch of this broader viewpoint: once the finite-state
Markov Gaussian setting is fixed, the nonequilibrium correction descends to a weighted
positive object, its finite-rank visible mass is solved by the envelope hierarchy, and its
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backbone-normalised distinguishability is solved by the shadow spectrum. That is the scope
established here.

The finite-observation picture can fail by structural fibre collapse, by quotient-rank or
quotient-anisotropy failure, by mismatch between the chosen thin observer and the dominant
quotient directions, or by genuinely nonlinear aliasing beyond the quadratic regime. These
mechanisms should be kept distinct, rather than collapsed into generic talk of “information
loss.”

H Interpretive synthesis for the worked examples

The theorems of Sections 3 to 7 admit a compact synthesis that is useful when reading the
worked benchmarks.

The algebraic source of the nonequilibrium correction is the reduced skew channel J. The
detailed-balance backbone Hy does not generate the correction by itself, but it supplies the
transmission geometry through which the skew source becomes visible. The natural signal
object is therefore the backbone-weighted operator

o 1
Apy =TH;'?,  Apy = JADVADy. (H.1)

Finite observation compresses this weighted signal, not the full generator.

When an observed sector is Hyp-adapted, the block formula gives a second useful layer of
anatomy:
1 _ 1 _

(Apv)ss = 7JssHy s/5s + 7 s Ho pJsp- (H2)
The first term is the intrinsic observed correction. The second is the hidden mixed-return
channel from the complementary sector, throttled by the inverse stiffness of the fast detailed-
balance block. Thus hidden nonequilibrium is not a vague reservoir. On adapted sectors it
has a return mechanism.

At finite observer rank d, the optimally hidden budget is the singular-energy tail of the
weighted signal operator,

1
KQ/ =K =7 ) se(Apv)’, (H.3)
k>d

so the envelope hierarchy is literally a spectroscopy of what finite observation cannot recover
at the chosen rank. After whitening by the backbone, the relevant distinguishability object is
the shadow or detectability spectrum. This is a second spectrum. It agrees with raw visibility
only in special cases and should not be identified with it.

Taken together, the worked examples can be read through one recurring ladder: skew source,
weighted signal, hidden return or hidden tail, and whitened detectability. This paper develops
that ladder only for the finite-observation setting treated in the main text. Broader extensions
are left outside the present scope.
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